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Both extensions
modify
the axioms of Lute and Tukey for additive
conjoint
measurement. The first yields a theory for more than two coordinates.
The main problem
is to
find a weak generalization
of the cancellation
property;
the one suggested is weaker than
Krantz’s
generalization.
The second
extension
weakens
the solution-of-equations
axiom, which has been justly criticized
as too strong for most potential
applications.
A
much more plausible
version is suggested.
This weakening
is compensated
for by adding
the (necessary)
independence
property
as an axiom and by postulating
the existence of
a part of a dual standard
sequence.
The usual representation
and uniqueness
theorems
are proved.

1.

INTRODUCTION

Theories of (additive) conjoint measurement
state conditions-either
necessary or
sufficient or both-on
an ordering of multicoordinate
stimuli for which a numerical
representation
exists that is additive over the coordinates.
The earliest discussions
of such additive representations
are probably those in the economic literature of the
nineteenth century, but for various reasons the problem was not pursued very deeply
at that time. Most of what we know about conjoint measurement
has been uncovered
within the past few years.
Briefly, the results are these. Adams and Fagot (1959) derived a number of necessary
algebraic conditions
for an additive representation
to exist, and Scott (1964) gave
necessary and sufficient (cancellation)
conditions
when the two-coordinate
stimuli
are finite in number. Tversky (1964) independently
proved the same result, and later
(1967) he gave, among other generalizations,
necessary and sufficient conditions for the
i This research
was supported
in part by National
Science
Foundation
grant GB-1462
to
University
of Pennsylvania.
* I am deeply indebted
to Dr. Michael
Levine
for discussing
with me the ideas presented
in
Sets. 7-9, which involve
a weakening
of the solutions-of-equations
Axiom
of Lute and Tukey
(1964). In particular,
he suggested how the original
system can be imbedded
in a system (Definition 9A) that satisfies the axioms of Lute and Tukey.
He has a different
proof of the representation Theorem
9F which is based on the same construction
but which uses the concatenation
operation
introduced
by Krantz
(1964).
the
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infinite case. From an empirical point of view, Scott’s and Tversky’s results are not
especially satisfactory because the number of cancellation conditions increases rapidly
with the number of stimuli, and so the problem remains to find sufficient conditions
that are empirically
more usable.
Debreu (1959, 1960) provided the first set of general sufficient conditions, both for
the 2- and K-coordinate
cases, but they involve topological
assumptions about the
structure of the coordinates which do not seem inherent to the problem. For the
2-coordinate
case, Lute and Tukey ( 1964)3 presented a set of four sufficient algebraic
conditions that assure the existence of additive measurement,
and their proof provides
a constructive
device (dual standard sequences) that may be useful in estimating
the additive scales. Krantz (1964) used the theory of ordered groups to give an alternative proof of the L-T theorem, and he generalized the result so that the coordinates
of the stimuli need not be known in advance provided that there are n + 1 relations
that are interlocked
in a certain way. For 71 = 2, these results are very closely related
to ones in the algebraic theory of webs (A&l,
Pickert, and Radb, 1960); there the
basic cancellation
axiom is known as the Thompsen
condition.
Roskies (1965) modified the L-T axioms so as to provide a multiplicative
representation
which cannot
be transformed
into an additive one. Lute (1966) stated interconnections
between
conjoint measures on the stimuli and extensive measures on each of the coordinates
that are sufficient to lead to the usual multiplicative
power relations of many of the
laws of classical physics.
Various extensions of these results are needed, both to satisfy one’s mathematical
curiosity and to make the theorems more useful for applications.
This paper is concerned with two extensions. First, the L-T theorem is extended to K coordinates.
The result presented here seems somewhat more satisfactory than Krantz’s, because
the cancellation axiom is rather weaker than his, and than Debreu’s, because it does not
involve topological
assumptions about the coordinates. Second, the L-T theorem is
modified by weakening the very restrictive solution-of-equations
axiom; a few words
of comment may be appropriate.
Lute and Tukey proved that there exists an additive representation
of a relation >
on &r x zZz provided that (1) > is a weak ordering, (2) > satisfies the simplest possible cancellation
property,
(3) > is Archimedean
in an appropriate
sense, and
(4) = fulfills the following
solution-of-equations
condition:
if A, B are in J;s and P
is in &a , then there exists X in &2 such that (A, P) = (B, X), and a similar property
holds when the second coordinate is given and the first is to be solved for. One consequence of these assumptions, which at least for psychological
applications
is often
unacceptable,
is that the numerical scales are unbounded,
and it is not difficult to see
that this stems entirely from Conditions
(3) and (4). Moreover,
in most potential
applications
it is clear that Condition
(4) is not generally satisfied. For example, sups For

brevity,

I shall

refer

to this paper

as L-T.
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pose that the stimuli are pure tones and they are ordered by loudness, then given a
tone and a intensity, it is well known that it is not always possible to select a frequency
so that the resulting tone has a loudness equal to that of the given one. So it seems
clear that we must weaken Condition (4) to the point where it is empirically realizable,
without, however, completely losing the possibility of constructing an additive representation. In particular, we do not want to weaken it so much that very many new
axioms, even though they are necessary conditions, must be added in order to prove
the result. However, unless the L-T axiomatization is very inefficient, it is clear that
we will be unable to weaken Condition (4) much without having to add more conditions, but for empirical reasons we do not want to add many more.
The organization of the paper is this. Sections 2-5 present a generalization to k
coordinates. Section 6 gives a result about the relationship among standard sequences
when the Archimedean condition does not hold. This is of some inherent interest
as well as being used in the proof of the representation when the solution-of-equations
axiom is weakened. The latter problem is examined in Sets. 7-9.

2.

ORDERING,

SOLUTION,
AND
CANCELLATION
FOR
R COORDINATES

AXIOMS

Supposedi,
i = 1, “0, k, are sets, and let 3 be a binary relation over the Cartesian
product n$, -01, .
(2A)

ORDERING

(2B)

SOLUTION

(2C)

spi .

2. For any integer j, 1 <j < k, and any Ai in ~2~) 1 < i < k,
1 < i < k, i # j, there exists an Xj in &j such that

AXIOM

and any Bi in di,
(Al,

1. 3 is a weak ordering of nf=,

AXIOM

. . . . Aj-1,

CANCELLATION

#,

/Jj+l,

AXIOM

. . . . A”)

3.

=

Consider

(Bl,

. . . . Bj-1,

Xi,

Bi+l,

. . . . Bk).

any two inequalities

(A?, A?, *-a, A,“) 3 (B,1, Bi2, ..a, B,“),

i=

1,2,

with the property that for each j = 1,2, *.., k there exists a corresponding
of 1 and 2 such that
Ai

permutation

J

= B&)

except for at most one i, which ifit exists we denote by i*. Then,
(Al, A2, -‘., Ak) > (B’, B2, .a-, B”),
where if i* exists, Aj = A:, and Bi = B:,,,,
element of d$ .

, and

if i*

does not exist, A’ = Bj = any
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REMARK. When k = 2 it is easy to seethat Axioms 1 and 2 reduce to those of
L-T. For k = 2, the only significant case of Axiom 3 is of the form: if
(All, 4’) 2 C&l, B12) and (Bll, A22) > (B,l, AIZ), then (All, A22) 3 (J3,l, B12),
which is the cancellation axiom assumedin L-T. Also note that Axiom 3 implies the
transitivity of 3.
(2D)

THEOREM.

Supposethat Axioms l-3 hold. If for Ai in ~2~) if

j, and X, Y

in &j ,
(Al,

. . . . Ai-I,

X,

Aj+l,

. . . . A")

3

(Al,

. . . . Aj-1,

y,

Aifl,

. . . . Ai)

thenfor any Bi in Sei , i f j,
(B’, . ..Bi-l.X,Bi+l
PROOF.

, .. ., B”) 3 (Bl, .. .. Bj-l, Y, Bj+l, ..., Bk).

By Axiom 2, there exists an F in 4 such that
(Al,

. . . . Ai-1,

X,

Ai+l,

. . . . A")

=

(Bl,

. . . . Bi-l,i',

Bi+l,

. . . . Bk).

By the hypothesis and transitivity (Axiom 1)
(Bl, ..., Bi-1, F, Bifl , ..., Bk) 3 (Al, as.,Aj-I, Y, Ajfl,

*em,
Ak).

Axiom 3 applied to these two equations yields the result.
This result, which is known as the condition of independence,
ensuresthat the following relation is well defined and is a weak ordering of .@ ,
(2E) DEFINITION.
Supposethat Axioms 1-3 hold and that X, Y are in 4 . Define
X > Y if for someAi in &’ , and thereforefor all Ai in zz$, i # j,
(Ai, . ... Ai-1, X, Ai+l, .. .. A”) 3 (Al, . ... Ai-1, y, Ai+l, .. .. AL).
REMARK. The useof this definition is referred to as“by independence”. The term
“transfer” wasused in L-T, but other authors have called it “independence” and that
seemsthe better term.

3. STANDARD

SEQUENCES

If we fix an element from each4 , j f r, s, then by Theorem 2D we may suppress
the notation for these coordinates, since the ordering of ordered k-tuples that vary
only on the r and s coordinatesis unaffected by the arbitrary, but fixed, choice for the
other coordinates. In terms of just these two coordinates, we repeat the important
notion defined in IXA of L-T.
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(3A) D EFINITION. A double infinite sequence of pairs {Air, A;}, i = 0, * 1, i 2, ..a,
where f&r each i, Air is in JJ$ and Ais is in &, , is a dual standard sequence(abbreviated
dss) if for each i,
(i)

(ii)

(Al,

Ai+,)

= (A;+;, , AiS),

(AZ+‘,, , AZ-,) = (Al,

Al).

The dss{Air, AiS} is said to be on (AOr, A,“) through Air, or through A1s, or through
(Al”, A,“) as may be appropriate. It is said to be increasing if, for all i, Air < AI+,
and AiS < A:+, .

(3B) THEOREM. If Axioms 1 to 3 hold, if {Air, Ais} is a dss, and ;f m, n, p, and q
are integers, then (Amr, An8) = (A,‘, AQ8) whenever m + n = p + q.
PROOF.
REMARK.

Theorem IXD of L-T.
The useof 3B is referred to “by dss.”

(3C) THEOREM. If Axioms 1 to 3 hold, there is a dss on (Aor, A,,s) through
or through AIS, or through (A17, A,“) provided that (Aor, AIS) = (Al?, A,,“).
PROOF.

Al’,

Theorem IXJ of L-T.

(3D) THEOREM. If Axioms l-3 hold and if {Air, AiS} and {AiS, Aft) are dss’s,then
Ait} is a dss.

{Air,

PROOF. Suppressthe notation for all coordinates except r, s, and t. Let m, n, p,
and q be integers such that m + n = p + q. By dssand Theorem 2D,

(A,‘, A,“, A,t) = (A,‘, A,“, 4,t)
and
(Aor, A,“, Ant) = (A,,‘, AS, Agt).
An application of Axiom 3 to these two equationsyields

(AmT,bS, Aat) = (A,‘, A;, A,$
thus showing that {A*‘, Ait} is a dss.
(3E) THEOREM. If Axioms l-3 hold and if {Air, At}
s there exist A,$ in L$ such that {A$, Ait} is a dss.

is a dss, then for every t f

r,

PROOF. Suppressthe notation for all coordinates except r, s, and t. Select any
element of &$ as AOt. Define Ait to be the solution to
(AOr, AOS, Ait) = (AOr, A;,

AOt).
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Suppose m, n, p, and q are integerssuch that m + n = p + q. Then

(4Jr, AOS,A,t) = (&IT, A,“, AIt)

(def. of Ant)

= pLr, ADS,A,q

(by W;

(A,‘, AJS,AIt) = (Ao7,A,S, AlIt)

(by W
(def. of Aat);

= (Aor, AOS,AIt)
(A,‘, AS, Ant) = (AnT, A:, At)

(by Axiom 3);

(A,‘, An”, A,,*) = (A,‘, A,“, At)

(by W;

(Aor, A,“, Ant) = (AoT,A,“, Aat)

(by Axiom 3);

thus proving {AiS, Ast} is a dss.
Becauseof this result, we introduce the following notion.
(3F) DEFINITION.
A sequence {Air), i = 0, & 1, e.-, is a standard sequence(ss) of
&r ifit is a memberof some dss.It is increasingif A{ < A;+‘,, for all i.
Note that if AOr, r = 1, 0-e)k, are given, we can construct ss’s{Air} such that for
all r, s = 1, 2, **a,k, Y# s, {Air, Ais} are dss’s.This we do by constructing {A,l, Ai2}
by 3C. Then for any r f 1, 2, {Air) is constructed as in 3E, and according to 3D all
of the pairwise combinations are dss’s.
A referee has pointed out that Theorems 3D and 3E can be readily proved using,
instead of Axiom 3, the following two-coordinate generalization of independence:
if
(Al,
>

. . . . Ai-1,

w,

(Al,

. . . . Ai-1,

P,

. . . . Bi-1,

Ai+l,

. . . . Aj-1,

y,

Ai+l,

. . . . /J-l,

W,

Bi+l,

. . . . @-1X,

y,

Bifl,

. . . . Bj-1,

X,

Aj+l,
2,

. . . . A")

Aj+l,

. . . . A")

then
3

(Bl,

. . . . Bi-1,

Bj'l,
Z,

Bj+l,

.,.,

Bk)

. . . . Bk).

This property cannot, however, simply be substituted for Axiom 3 becauseit does
not lead to the L-T axioms for two coordinates, which are neededto prove Theorems
3B and 3C.

4.

THE

EXISTENCE

OF

REAL-VALUED

FUNCTIONS

FOR

k COORDINATES

(4A) DEFINITION.
If {Air} is a set of elements of -c4,, its convex cover %{A,‘}
consists of all A’ in _pP,such that A,’ < AT < A,’ for some m and n.
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(4B) DEFINITION OF 4,. . Supposethat Axioms l-3 hold.Let (A,r}, r = 1, 2, *.., k,
beJixed increasing ss’s such that every pair forms a dss. For any Xr in J$ , let {XJ} be a ss
through Aor and X. Define

(4C) EXISTENCE THEOREM.
Suppose that Axioms I to 3 hold, that p, > 0, r = 1,
*** k, and q are given real numbers, and that {Air}, r = 1, ** a, k, are increasing ss’s
such that any pair forms a dss. There exist real-valued functions 8 and q$. de$ned on
I-&
$?{Air} and on V{A,‘}, Y = 1, *** k, respectively, such that
(i) b(Al, AZ, a.*, A’“) = XR, P,MA’)
+ 4;
(ii) (Al, AZ, *.*, A”) > (Bl, B2, a**, B”) implies
B(Al, AZ, . . .. A”) > 8(B1, B2, . . . . Bk);

(iii)

A’ > Br implies &.(A’)

(iv)

+r(A1r)

> +,(A,‘),

3 &.(B’),

Y = 1, ***, k;

r = 1, **a,k.

(4D) COROLLARY. Suppose that the assumptions of 4C hold and that {GJ) is a ss
with Gir in %‘{A$‘} for all j, then for any function 4r that satis$es part (iii) of 4C over

(4E) UNIQUENESS
THEOREM.
Suppose that the assumptions of 4C hold. If 0, +,.
and b’, 4,’ are two sets of functions satisfying 4C with the same p, , q and {Air}, then there
are real constants a > 0 and b, such that
0’ = a0 + 2

b,

r-1

and
A’ = 4,. + b, ,

i.e., the k + 1 scales are interval

scales with consistent units.

The proofs of the above results are only slight rewordings of those given in Sec. XI
of L-T. The functions defined in 4B are used in the proofs in the obvious way.
5.

THE

ARCHIMEDEAN
FOR

AXIOM
AND
k COORDINATES

ITS

CONSEQUENCES

We next add the following axiom:
(5A) AFOZHIMEDEAN AXIOM 4. For any nontrivial ss {Air},
in .zZr , there exist integers m and n such that Am7 < B < A,r.

1 < r < k, and any B
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(5B) LEMMA.
If Axioms I to 3 hold, Axiom 4 is equivalent
ss, then %{Bir} = &, .

to: if {BiT} is a nontrivial

A slight rewording of XIIA in L-T.
It is clear that with Axiom 4 appended, the 0 and 4, of 4C are defined on nf, &r
and &r , respectively. Moreover, parts (ii) and (iii) become equivalencesrather than
implications. The proof is the sameasthat of XIIB in L-T. The uniquenesstheorem
is unchanged.
PROOF.

6. RELATIONS

AMONGSTANDARD

SEQUENCES

(6A) THEOREM.
Suppose that Axioms 1-3 hold.Let {Ai} and {Bi} be two increasing
ss’s on one coordinate, and let $A and & be the real-valued functions defined by 4B relative
to (Ai} and (Bi), respectively. Then either
(i)

V(A,)

n V(B,)

(ii)

V(Ai)

= g(Bi),

= 4;
in which

case there exist constants

a > 0 and b such that

+R=4B+b;

(iii)

V(A,)C

(iv)

V(B,)

V(B,),

in which case & is constant over %?(AJ ; or

C W(AJ,

in which case 4A is constant over %?(Bi).

PROOF. The proof is broken down into three lemmasin each of which the hypothesesof Theorem 6A are implicitly assumed.

(6B) LEMMA.

Exactly

(i)

V(Ai)

(ii)

%‘(A,) = V(BJ;

n V(B,)

one of the following

is true:

= 4;

(iii)

there exists an integer k such that for all integers i, B, 3 Ai > B,-,;

(iv)

there exists an integer k such that for all integers i, A, 3 Bi > A,-,

OT

.

PROOF. Supposethat neither (i) nor (ii) holds, then we first show that there exists
an integer k such that for all integers i at least one of the following four possibilities
is true:

(1) B, 3Ai,

(2)

B, < Ai,

(3) A, > B<,

or

(4) A, d Bi.

For supposenone were true, then by the negation of (I) for any k there exists i such
that Ai > B, and by the negation of (2) there exists j such that B, > Aj, hence
V(B,) C %(A,). In a similar way, by using the negation of (3) and (4), V(A,) C V(B,),
hence ‘%?(A,) = V(Bi), contrary to assumption.
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We proceed on the assumption that (1) holds; the argument in the other three
casesis similar. Let k be the smallestinteger such that for all i, B, 3 Ai . It exists
since otherwise the ss {Bi} would not be increasingor %(BJ n $?(A,) = 4, both of
which are contrary to hypothesis. So, for at least onej, Ai > B,-, . Let {Ai*}, {Bi*}
be ss’s on a second coordinate such that A a* = B,* and (Ai, A,*} and (B<, B,*)
are dss’s.Since B, > Ai , for all integers i,
(4s , A,*) 3 (Ai, A,*) = (Ai, &,*I,
and so by IXF of L-T,
P,+m 9An*) 3 (Ai+, , Bm*),
for any integers m and n. Now for any integer i, consider
(A,i-i

9 A,*)

= (Aj 7 Aj*_i)

(by w

> (B,-,

(by choice of Aj)

3 (4, BT,)

(m = - 1, n = j - i in above equation)

> (&-,

, B*,)

(by choice of Aj)

= FL,

B,*)

(by ds4

= (4x-,

, A,*)

(by A,*

so by independence,A,,-i
(6C)

LEMMA.

, Aj*_i)

> B,-,

= B,*),

. Sincej is fixed and i is any integer, this proves (iii).

If %?(A,) = V(B,)

and if4*

and qSB are defined relative

to the given

ss’sby 4B, then $A = a$= + b, where

PROOF.

With no lossof generality, supposethat for someX,

AdX) - M4,)
4A(X) >vb(Ad - 4,&Q ’
There exist integers n, m such that the rational number n/m lies between these two
quantities, and does not equal either. Since
$A(X) = inf 1;

1Ai > XmA, m > 01,

TWO

where

{X,“>

~[+B(AI)

-

EXTENSIONS

is the ss with

OF CONJOINT

X,,A = A,,
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= X, it follows

that A, < X,nA. Then

Cd41 + 4&%) = +B(AJ

(Corollary

<+B(XmA)
=

4D)
(4C)

N+B(X)

h(Adl

-

(Corollary

+ h@cJ~

4D)

and so

contrary

to choice.

Therefore,

n

<

m

‘Ad-%)

+BcX)

-

~B&)

-m

’

q3A = a$8 + b, where

a and b are defined

as above.

(6D) LEMMA.
Suppose that an integer k exists such that for all integers i,
B, > Ai > B,-, . If & is the real-valued function of 4B relative to {B,}, then for all
integers i andj, c+%~B(AJ= +B(Ai).
By Corollary

PROOF.

4D and by 4C, for all integers

~I$B&)

-~B(Ao)

n,

$B(-%JI I

I =

I44B(Ad

-

=

I~B(AJ

-4~(Ad

G

I$dBA

-+B(BMJ

=

2 I +E(%)

= constant

-

I

M%)

I
I

< cc.

hence

4dAJ - MAI) = 0.
7.

WEAKENING

OF

THE

SOLUTION-OF-EQUATIONS

AXIOM

In this and the following two sections our attention will be focused on a set of ‘conditions on an ordering of two-coordinate
stimuli that are sufficient to imply the additive
representation
without,
however, imposing
the unrestricted
solutions-of-equations
axiom of L-T. We continue to work with a full Cartesian product J$ x &a , but as is
pointed out at the end of Sec. 9 this can be weakened considerably.
Many of the axioms, definitions,
and results to follow require similar statements
for both coordinates;
we state one explicitly and merely remark that the other case is
similar.
Let 3 be a binary relation on &I x .A2 , where di are nonempty sets. Throughout,
A, . . ..L are elements of&r and P, .*., Y are elements of J&.
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(7B) CANCELLATION
(A, P> 3 C&Q).
(7C)

1. > is a weak ordering

AXIOM

AXIOM

RESTRICTED

of z& x JZZ~.

2. 1Tf (A, X) > (F, Q) and (F, P) > (B, X),

SOLUTIONS-OF-EQUATIONS

AXIOM

then

3.

(i)
If there exist F, P in &I such that (F, Q) 2 (A, P) 3 (f, Q), then there exists F
in JZ+‘~such that (F, Q) = (A, P).

(ii)

Similar.

(7D)

INDEPENDENCE

(i)

(ii)

(A,

P)

>

AXIOM 4.

(B,

P)

;f

and on& ij’ (A, Q) > (B, Q) for all Q in d2.

Similar.

REMARK.
In L-T, Axiom 4 was derived as Theorem VH from the first three
axioms, but the proof dependsupon having unrestricted solutions of equations. It is
easyto show by examplesthat Axiom 4 doesnot follow from the present Axioms l-3.4
The following definition is justified by Axiom 4.

(7E)

DEFINITION.

(i) A > B if and only if (A, P) > (B, P) for some, and therefore all, P
(ii)

Similar.

(7F)

THEOREM.

PROOF.

(7G)

in

&s,

If Axioms l-4 hold, 3 on JX$ is a weak ordering.

Obvious.
DEFINITION.

(i) A set {Bi 1i in N, Bi in Js,} is an increasingstandard sequence,ss, relative to
So9 81 in -4 if

(1) N is an interval

of at least two integers, conventionally

0 and 1,

(2) if i, i + 1 are in N, then Bi+l > 23, ,
(3) if i, i + 1 are in N, (B,+1, Qo) = (Bi , Q1).
(ii)

Similar.

4 A referee has pointed
out that Axiom
3 above
(1960) Assumption
2.3 for choice probabilities.

is somewhat

similar

in spirit

to Debreu’s

TWO

(7H)

NONTRIVIALNESS

EXTENSIONS

5.

AXIOM

OF CONJOINT
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There exist (maximal)

increasing ss’s {Ai 1 i in Ni}

and {Pi j i in Na} such that

(i)

{Ai 1 i in NI} is a ss relative

to PO and PI of{Pi

/ i in Na},

(ii)

(Pi ) i in Nz) is a ss relative

to A, and A, of (Ai 1 i in N,},

(iii)

neither ss is a proper subset of a ss for which

(iv)

{-

(i) and (ii)

hold,

1,0,1,2}CN,,Na.

REMARK.
In what follows, A, and Pi will always refer to a fixed choice of S’S
fulfilling Axiom 5.

(71) ARCHIMEDEAN

6.

AXIOM

(i) If {B, 1 i in N} is an increasing ss and there exist C, C’,
C 2 Bi > C’ for all i in N, then N is finite.
(ii)

in &I

such thut

Similar.
8.

PRELIMINARY

RESULTS

For brevity in this section,we suppressthe blanket assumptionthat Axioms l-6 hold.
(8A)

DEFINITION.

(i) Zf A is in J;e, , A + 1 and A - 1 ure those elements of &I , if they exist, that
solve, respectively,
(A + 1, f’o) = (A, PI>

(ii)

Similar.

(8B)

LEMMA.

(i)

and

(A -

1, PI) = (A, PO).

(1) If A + 1 exists, then (A + 1) - 1 exists and = A.

(2)

If A - 1 exists, then (A - 1) + 1 exists and = A.

(3)

If A < B and B + 1 exists, then A + 1 exists and A + 1 < B + 1.

(4)

IfA<BandA-lexists,thenB-lexistsandA--<B-l.

(5)

Ifi,i+lareirzN~,thenA,+,=A,-landAi=A,+l+l.

(ii)

Similar.

PROOF.
(1) By Axiom 4 and 8A, (A+l,P,)>(A+l,P,)=(A,P,),
Axiom 3, the solution (A + 1) - 1 exists. Moreover,

[(A + 1) - 1,P,l = (A + 1,Pc,)= (A, PA
so by 7E, A = (A + 1) - 1.

so by
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Similar

to (1).

(3) Since by 7E and 8A, (B + 1, Pa) = (B, Pr) > (A, Pi) > (A, Pa), Axiom 3
implies that A + 1 exists, and (B + 1, P,) 3 (A, PJ = (A + 1, Pa) implies that
B+l>A+l.
(4)

Similar

(5)

Immediate

WI
(B -

to (3).
from 7H and 8A.

COROLLARY. Suppose A, < B, C < A, and
1, Q) < (C + 1, R) and (B, Q - 1) < (C, R + 1).

P0 < Q,

R < P, ,

then

PROOF. By (4) and (5) of 8B and Axiom 5, B - 1 exists and is < A,, , and by (3)
and (5) of 8B and Axiom 5, C + 1 exists and is > A, , hence
(C + 1, R) 3 (A, > Po)
= Ml
> (B -

s PI>
1, Q).

(7E)
(Axiom

5)

(7J9

The other case is similar.
(8D)

LEMMA.

(i)

If B, B -

(ii)

1 exist, then there exkts an integer i such that B - 1 < Ai < B.

Similar.

PROOF. If B - 1 < A, < B we are done. Suppose A,, < B - 1, and the N be
the set of integers i for which A, < Ai < B - 1. By Axiom 6, N is finite; let k be
the largest integer in N. By Lemma 8B, and the choice of K,
B The proof is similar
(8E)

1 < Ak+l = A, + 1 < (B -

1) + 1 = B.

for B < A,, .

DEFINITION.

(i) If i is a positive, zero, or negative integer and B is in &I , then B - i is de$ned
recursively as follows provided that the defining elements exist in L$:
(1)

i=O,B-O=B,

(2)

i>l,B-i=[B-(i-1)1-1.

(3)

i<-l,B-i=[B-(i+l)]+l.

(ii)

Similar.
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(8F) THEOREM.
(i) If B is in &I , then there exists an integer i such that B - i exists and
A, < B - i < A, .

(ii)

Similar.

i = 0 fulfills the assertion. If B > A, , then B - 1
PROOF. If A, < B <A,,
exists and so by Lemma 8D there exists an i such that B - 1 < Ai < B. By Lemma
8B and a finite induction on i, B - i satisfiesthe theorem. If B < A,, , the argument
is similar.
The next three lemmasare triple cancellation lawsthat are analogousto the double
one of Axiom 2.

(8G) LEMMA.
rf (F,P)>(G,X),
(G Y)3 (F,Q), (4X) 3 (4 Y), and
solves (F, U) = (A, X) and V solves (F, V) = (B, Y), then (A, f’> 3 (B, 8).

;f u

PROOF. By Axiom 2, (A, X) = (F, U) and (F, P) > (G, X) imply (A, P) 3 (G, U>.
Since (F, U) = (A, X) 3 (B, Y) = (F, V), A xiom 4 implies (G, U) 2 (G, I’). And
by Axiom 2, (F, V) = (B, Y) and (G, Y) 2 (F, Q) imply (G, V) > (B, Q>. The
assertionfollows from Axiom 1.

(8H) LEMMA.
If (A, X) 3 (F, Y), (G, Y) 3 (B, X>, (K f’) 3 (G, Q), und ;f K
solves (K, X) = (F, P) and L solves (L, X) = (G, Q), then (A, f’) 3 (B, 9).
PROOF.

Similar to 8G.

(81) LEMMA.

If (F, Y)> ((TX),

(GJ') B (F,Q), (AX) > (B, Y), and if K

solves (K, P) = (F, Y) and U solves (B, U) = (G, X),

then (A, P) 3 (B, Q).

PROOF. By Axiom 2, (B, U) = (G, X) and (A, X) > (B, Y) imply (A, U) > (G, Y);
and (F, Y) = (K, P) and (G, P) > (F, Q) imply (G, Y) > (K, Q); so by Axiom 1,
(A, U) > (K, Q). This together with (K, P) = (F, Y) > (G, X) = (B, U) implies the
result by Axiom 2.

(85) LEMMA.

If i, i - 1 are in Nl and j, j + 1 are in N, , then
(4

, pj) = (Ai-1

, pi+d.

PROOF. For i = 1 or for j = 0 the assertion is true by Axiom 5. We prove it
generally by induction. Supposei > 2, j > 1 and that the result is true for all (i’,
j’) for which (i, j) > (;‘,f) 3 (1, 0). By using this induction hypothesis three times,

(Ai(b-r,

9f’j) z (Ai-1 >pi-l>
pj) = @L-2, J-‘j+J

(Ai , Pi-J

= (A,-1 , Pi).
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Together these equations imply the result by Lemma 81 provided that there is a K
such that (K, Pj) = (&a, Pj) and a U such that (A,-i , U) = (/l-i , Pj-r). Obviously, K = Ai-, and U = PjPl suffice. The proofs are similar when i > 2, j < - 1,
etc.
(8K) LEMMA.
(ii)

(i) 1f B, B - 1, Pj, Pfml exist, then (B - 1, Pj) = (B, Pj-J.

Similar.

PROOF. We prove the lemma by induction on j. For j = 1 it is true by Definition
8A. Depending on whetherj > 1 or < 1 and B > A, or < A, , there are four cases
to consider. As the proofs are similar, we give only the one for j > 1, B > A, . By
Lemma 8D there exists an integer i such that B - 1 < Ai < B. Clearly, Ai > A, ,
so Ais exists. Thus,
(4,

Q3J)
@J)

Pj-z) = (A-1 , Pj-1)

(A-1 , Pi>= (A, >Pi-J
(B - 1, Pjwl) = (B, Pj-J.

(induction hypothesis).

The result follows from Lemma 81 provided that there exist solutions K to
(K, Pj) = (Ai, P+J and U to (B, U) = (Aivl, PieI). By 8B and Axiom 5, Ai-,
exists since i - 2 > 1 - 2 = - 1, so K = Ai-, fulfills the first equation by two
applications of Lemma 8 J. If j 3 3,
(induction hypothesis)

(B, Pi-& = (B - 1, Pj-J
< (4 , Pj-z)

(w

= (A,-, , Pi-d

@J)
VE)

< (4 Pj-J,

so U exists by Axiom 3. If j = 2, the same argument holds provided that we can show
(B, Pwl) < (B - 1, PO), which does not follow from the induction hypothesis. If
the contrary were so, then
(A,-, , Po) = (4,

P-J

@J)

(Ai, Po)= (k-1, PJ

(Axiom 5)

(4 P-d > (B - 1, Po)

(hypothesis)

which, according to Lemma 81, implies the contradiction (B, PO) > (B - 1, PI)
(see Definition 8A) provided that there exist solutions K to (K, P,,) = (Aiel , PO)
and U to (B - 1, U) = (A, , P-,). Clearly K = AiT satisfies the first. Since B > A, ,
then Ai > B - 1 > AimI , and so
(B - 1, P-J < (Ai 9P-1) = (Ai-1 , PO) < (B - 1, PO),
which by Axiom 3 guarantees the existence of U.
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If B, B - 1, Q, Q - 1 exist, then (B - 1, Q) = (B, Q - 1).

THEOREM.

PROOF.
By Lemma 8D, there exist integers i, j such that B - 1 < Ai < B and
Q - 1 < Pj < Q. If we can choose m and n so that

(8J)

(A n+l , PA = (Am , Pn+d

(Am9Q>= (Am,, >Q - 1)
(B -

1, f’n+J

F-9

= (4 Pn)>

c3w

and so that there exist solutions K to (K, Q) = (A,,,
(A, , Pn+l), then the result follows by Lemma 81.
There are sever?! cases to consider.
(1)

U to (B, U) =

Ifi+lisinN,andj+lisiniV,,letm=i,n=j.Since
(Ai+1 7 8) > M+l>

pi>

(7B)

= (Ai >Pj+J
2 (4, Q>,
K exists by Axiom
(2)
S ince

, P,) and

@J)
(7E and 8B)

3. The proof of the existence

of U is similar.

Ifi+lisnotinN,andj+landj-lareinN,,letm=i-l,n=j.
(4,

K exists by Axiom

Q) >

(Ai 3 Pd

= t&n+,

3 Pn)

(7E)
(Definition

= (Ai-1

> Pi+11

(8 J and Axiom

2 (Ai-1

9Q>,

(7E and 8B)

of m, n)
5)

3. Since
(B, Pj) > (4
= (Ai-1

, PA

(7B)
(8J and Axiom

> Pi+J

3 (B - 2, Pj+J

(7E, Axiom

= (B, Pj-11,

(8K twice)

U exists by Axiom

3.

(3) Ifi+I,i-1
the proof is similar

areinN,andj+lisnotinN,,letm=i,n=j-I
to (2).

5)

5, and 8B)

and

(4) Ifi+1isnotinN,andj+lisnotinN,,letm=i-l,n=j-land
it is easy to show that

(Aim1 , Q) 3 (A,+, , P,) 3 (Aid2 , Q)
480-9

and

(R Pi-J 2 (Am , P,+J 2 (8 P+-z>~

LUCE
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(5) Ifi+lisnotinN,andj-lisnotinNa,
then a somewhatdifferent proof
is needed.Since i + 1 is not in Ni , we know from Axiom 5 that i, i - 1, i - 2 are
in Ni , and sincej - 1 is not in Ns , j, j + 1, j + 2 are in Na . Thus,
(B - 1, Pj+J = (B - 2, Pj+J
(B - 2, Q) = (B - I, Q - 1)

W
(XB and Part 1 above)

(B - 1, Pi+J = (B, Pj+J,
WI
and the result follows by Lemma 81 provided that there exist solutions K to
(K, Q) = (23- 1, Pj+J and U to (B, U) = (B - 2, Pj+s), Since
(4 Q> > (BYPJ
= (B -

(7E)

1, Pi+J

>(B - LQ),
Axiom 3 insuresthe existenceof K. And since
(4 Pj+J > (B - 2, Pj+z)

W)
(7E and 8B)
(7E and 8B)
(8K twice)

= (4 Pj),
Axiom 3 also insuresthe existenceof U.

(6) If i - 1 is not in Ni andj + 1 is not in N, , the proof is similar to (5).
(8M) THEOREM.
to(A-l,P)>(B-1,Q).
(ii)

(i) If A, A - 1, B, B - 1 exist, (A, P) > (B, Q) is equivalent

Similar.

PROOF. Suppose(A, P) > (B, Q). Either P < Q or P > Q. Suppose,first, P < Q.
By Axiom 5, either Q - 1 or Q + 1 exists. Supposethe former, then

1,Q) = (4Q - 1)
(B, Q - 1) = (B - 1,Q)
(4 P) > (4 Q),

(A -

(W

(89
(hypothesis)

and Lemma 8H implies (A - 1, P) > (B - 1, Q) provided that there exist solutions
K to (K, Q) = (A, P) and L to (L, Q) = (B, Q). By Q 3 P and the hypothesis,
(A, Q>2 (4 P> 2 (B, Q>,so Axiom 3 ensuresthat K exists, and L = B satisfiesthe
second equation. If Q - 1 does not exist, then substitute Q + 1 for Q in the first
two equations above, and the result follows provided that there exist solutions K
to (K, Q + 1) = (A, P) and (L, Q + 1) = (B, Q). Since,
(A -

1,Q + 1) = (AQ)
3 (4 p>
3 (Bt

W
(7E)
(hypothesis)

8)

= (B -

l,Q

+ 11,

W

TWO

EXTENSIONS

OF CONJOINT

365

MEASUREMENT

Axiom 3 insures the existence of K, and by Theorem 8L L = B - 1 solves the second
equation.
Next, we supposeP > Q. If A > B, then by Lemma 8B, A - 1 3 B - 1, and
the result follows by Axiom 4. So we assumeA < B, and let us suppose that
(A - 1, P) > (B - 1, Q) is false. If Q - I exists, then according to Lemma 8H,

(B,Q - 1) = (B - LQ)
(A - LQ) = (A,Q - 1)
(B - LQ, > (A - 1, PI,

W)
WI
(hypothesis)

imply the contradiction (B, Q) > (A, P) provided that there exists K such that
(K,Q-l)=(B-l,Q)=(B,Q-1)and
Usuchthat(L,Q--l)=(A-1,P).
Clearly K = B satisfiesthe first equation, and since

(B,Q--I)=@--1,Q)

WJ)
(hypothesis)

>(A-1,P)

> (A = (A,

178)

Q-

(7E and P > Q)

11,

WI

Axiom 3 implies L exists. If Q - 1 doesnot exist, replace Q by Q + 1 before using
Lemma 8H, and K = B - 1 satisfies(K, Q) = (B - 1, Q) and

(B--,Q)>(A--,P)>(A--1,Q)
showsthat L exists for which (L, Q) = (A - 1, P).
The converseand part (ii) are proved similarly except that Lemma 8G rather than
8H is used in part (ii).

9.

REPRESENTATION

AND

UNIQUENESS

THEOREMS

To prove that an additive representationexists, we proceed roughly as follows. Let
I,={BIBin&iandA,,<B<A,}
and I, = {Q / Q in &a and P, < Q < PI}.
We construct a system that consistsof countably many replicas of (2, I, x I,), and
we show that this system satisfiesthe L-T axioms and that the original system is
isomorphically imbedded in the new system. The L-T representation restricted to
this image of J-$ x -92,establishesthe result.
(9A) D EFINITION.

dl*,

d2*,

and > on dl*

x

SZZ~*are dejined as follows:

-02;*={(~1,B)]1~.=0,~1,+2;.,;Bin5;4,suchthatA,dB<A,)
~~*={(~,Q)~~=O,fl,f2;~~;Qin~~suchthatP,<Q<P,}
[(P, 4,

(y, P)] 3 [(P,

Q), (0,

B)] if and onlr if either

LUCE
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(i> P+v>P+u+~,
(4 P + v = f + u+land(A,q>(B-l,Q),
(iii)

~+v=p+uand(A,P)>(B,Q),

(iv)

p++==++-luand(A-l,P)>(B,Q).

(9B) THEOREM. If Axioms 1-6 hold, then (3,
L-T.

dl*

x ,oli*)

satis$es the Axioms of

PROOF. Axiom 1 (weak ordering). Reflexivenessand connectednessare obvious.
To show transitivity, suppose

[(P,4 (v,01 > [(P,% (0,Q)l
and

NP,B), (~9Q!>l3 KK,0 (4 W
There are 16 different cases,most of which involve only simple relations amongthe
integers or these plus the use of transitivity and Lemma 8B in the original system.
We omit thesecalculationsand prove the remaining, somewhatdifferent, cases.
(i) p + Y> p + u + 2, p + u = K + h - 1, and (B - l,Q) 3 (C, R). If
p + v > p + u + 2, then p + v 3 K + h + 2 and transitivity follows. If
p+v=p+u+2,
then p+v=~+h+l,
and so we must show that
(A, P) > (C - 1, R). Suppose, on the contrary, (C - 1, R) > (A, P), then by
Lemma 8B C = (C - 1) + 1 exists and A + 1 exists by Axiom 5 because
A, < A < A, . So Theorem 8M implies (C, R) > (A + 1, P) which together with
(B - 1, Q>2 (C, R) implies that (B - 1, Q) > (A + 1, P). This contradicts
Corollary 8C.
(ii) p + v = p + o - 1, (A - 1, P) 3 (B, Q), p + u = K + h - 1, and
(B - 1, Q) > (C, 1p). By Theorem 8M, (B, Q) 3 (C + 1, R), and so by Axiom 1,
(A - 1, P) 2 (C + 1, R), which is impossible by Corollary 8C, hence this case is
impossible.

[(K,

Axiom 2 (Cancellation).
Suppose HP,4 0, X)1 >
F), (v, P)] > [b, B), (h, X)], then we must show that

II@,F), (0,Q11 and

[(PL,4 (v,J’N 3 [h B), (0,Q>J
Again there are 16 cases,of which most involve only the simplest properties of the
integersand a straightforward useof cancellationin the original system.The remaining
ones are similar to the two that have been worked out for transitivity; in particular,
they rest on Corollary 8C.
Axiom 3 (Solutions-of-Equations). Suppose (p, A), (p, B), and (v, P) are given,
then the problem is to show that there exists (u, X), A, < X < A,, such that
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KP,B), (a,X)1 = Ch 4, (y,f’)l. Let Y be a solution to

(B, Y) = (A, P), which by
Axiom 3 exists because,according to Axiom 5 and Lemma 8B,
B-l<&<A<A,<B+l,
SO

VA Pz) = (B + 1, PI)
>

(4

P)

>(B-LP,)
= (B, P-l).

WI
(7E)
(7E)
WI

Also, this argument shows that P-, < Y < Pz . There are, therefore, three cases:
(i)

if P-, < Y < P,, , let X = Y + 1 and u = p + v - p - 1,

(ii) if P,, < Y < PI , let X = Y and u = p + v - p,
(iii)

ifP,<Y<P,,letX=Y-landa=p+v-p+l.

By Definition 9A, (a, X) so1ves the equation. The other half of the axiom is proved
similarly.
Axiom 4 (Archimedean). Observe by Definition 9A {(p, A,), (p, PO)}, p = 0,
z!c 1, .**, is a dss whose convex cover is J$* x dz*. If the Archimedean axiom is
false, then there is a dsswhoseconvex cover is a proper subsetof&r* x sle,*and by
Lemma 6B we know there is an integer R such that the infinity of first coordinate
terms are bounded by the half open interval from (K, A,) and (k + 2, A,). Thus,
there must be an infinity of terms either between (K, A,) and (k + 1, A,) or between
(K + 1, A,) and (k + 2, A,). In either case, the terms must be of the form (a, BJ,
where CJ= k or K + 1 and A, < Bi < A,. Moreover, {Bi} is a ss in the original
system; however, a bounded, infinite ssis impossibleby Axiom 6, sothe Archimedean
axiom must hold in (2, &i* x &a*).
(9C) COROLLARY.
that

There exist real-valuedfunctions +* on dl* and #* on J;li* such

(9 [(CL,
4, (v,P)l > KP,B), (a,Q)l if and4~ if
+*(P, 4 + #*(v, P) t 4*(p, B) + #*((I, Q>,
(ii) (u, A) b (P,B) if and only if+*(u, 4 3 $*(P, B),
(iii)

(v, P) > (a, Q) if and on&y;f #*(v, P) 3 #*(CT,Q).

PROOF.

Theorem VID of L-T.

(9D) COROLLARY. If +* and I/* aye such that #*CO,A,) = t/*(0, PO)= 0 and
+*(l, A,) = #*(l, P,) = 1, then
c*(P, 4 = CL+ +*&A 4

and

#*(v, q = v + #*(o, P).
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PROOF.

Observe by Definition

9A,

b, 4 (0,PO)1= [(CL- 1,4 (1, Pll)l,
so by Corollary

9C, and the hypothesis,

4*(/h A) = +*01,4 + 4*&J PO)
= +*(p - 1,A) + #*(I, P,)
= I$*(/& A finite induction

completes

1, A) + 1.

the proof.

(9E) DEFINITION.
(i) If A is in ~4~ and i is the integer such that A,, < A - i < A,
(such an i exists by Theorem 8F), define
#(A)
where +* is the function
(ii)

= 4*(0, A - i) + i,

of Corollary

9C for which q5*(0, A,) = 0, 4*(1, A,) = 1.

Similar.
If (3,

(9F) REPRESENTATION
THEOREM.
+, 1,4are defined by 9E, then
(i)

(A, f’) 3 (4 Q) if and only ;f $(A)

(ii)

A > B if and only if+(A)

(iii)

&I x d2)

+ W’>

sati$es

3 +(B) +

Axioms

l-6

and if

4(Q),

> 4(B),

P > Q if and only if $(P) 3 #(Q).

By Corollary 9D and Definition 9E, the proof of(i) is equivalent to showing
(A, P) > (B, Q) if and only if [(P,A - 4, (v,P - 41 3 KP,B - ~1,(a,Q - 41,
where TV, V, p, and u are chosen (by Theorem 8F) so that A, < A - p, B - p < A,
and PO < P - Y, Q - 0 < Pl . First, suppose (A, P) > (B, Q). There are 5 possible
relations among the integers :
PROOF.

(1)

p + v > p + (T + 2 in which

case the conclusion

holds by Definition

9A.

(2) p + v = p + (T + 1. A finite induction
using Theorems
8L and 8M yields
(A - ,u, P - V) 3 [(B - p) - 1, Q - u], which proves the conclusion
by 9A.
(3)

p + Y = p + 0. Similar

(4)

p+f==+u-l,Similarto(2).

to (2).

(5) p + v < p + u - 2. Let K = p + u - p - v 3 2, then
using Theorems 8L and 8M results in

a finite

induction

[(A - p) - 1,P - 4 3 [(B -P> + K - 1,Q - 4 > [(B - P) + 1,Q - 4
which

is impossible

by Corollary

8C.
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The converse is similar.
Parts (ii) and (iii) follow immediately from (i) and Definition 7E.
(9G) UNIQUENESS THEOREM. If+, Z,/Jand+', I,Y are two pairs of functions that each
satisfy Theorem9F, then there exist a positive constant a > 0 and constants b and c
such that
4 = a$’ + b
and
# = a#’ + c.
PROOF. Under positive linear transformations there is no loss of generality in
assumingthat the given functions satisfy $(A,,) = +‘(A,) = #(Pa) = $‘(Ps) = 0 and
$(A,) = +‘(A,) = #(Pi) = $‘(Pi) = 1. Note that becauseof part (i) of 9F and the
fact that (A,, Pr) = (A, , P,,), the slopesof the transformations are the samewithin
each pair. Moreover, (A - 1, PI) = (A, P,,), Corollary SC, and a finite induction
show that
$(A)

= i + +(A - i)

$‘(A)

= i + 4’(A

- i)

W>

= i + YV -d

4’(P)

= j + #‘(P -i),

where A, < A - i < A, and P,, < P - j < PI , so it is sufficient to show that $
and # are unique in theseintervals. We deal explicitly only with 4.
For A, < A < A, , Axiom 3 statesthat there exists A*, P, < A* < PI such that
(A,, , A*) = (A, P,). Following the construction used in Theorem IXJ of L-T, we
can construct a maximal ss {Ai1 1i in N} relative to P, , A* such that A,l = A,, ,
Al1 = A, and for i in IV, A,, < Ai1 6 A, . By Axiom 5, N is finite; let
n, = max {i 1 i in N}.

Following the proof of Corollary XIM of L-T, we seethat

WkJ = nd(4? = nd(4.
The residue remaining between AA, and A, can be reflected down to A, by defining
A2* to be the solution to (Akl , A2*) = (A,, P,,) and A2 to be the solution to
(A2, P,,) = (A,, , A2*). It is easy to seethat both solutions exist by Axiom 3 and that
A2 < A. By Theorem 9F,
+$(A) + rlr(A2*) = 1 + 0,

+(A2) + 0 = 0 + W2*),

so
4(A)

+ +(A2) = 1.

We repeat the processon A2, letting n2be the integer that correspondsto ni . We proceed inductively. If for any i, (Ai),i = A, , we set all ni+j = 00 for j = 1, 2, a.. .
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Moreover, since Ai < N-l,
induction that

we see that n.%+i3 n, + 1. It follows

immediately

by

and this series is convergent because II.%+r> ni + 1 implies that it is absolutely convergent. Thus, because of the uniqueness of the ni ,# is unique, thereby proving the
theorem.
In closing, three remarks should be made. First, the construction given in the proof
of Theorem 9G may be a practical way to estimate the function 4 when we are dealing
with a (bounded) situation that satisfies Axioms l-6, but not the L-T axioms. Second,
it seems plausible that this definition of 4, rather than the indirect one of Definition
9E, can be used to prove the Representation Theorem (9F), but I have been unable
to see how to construct such a proof. Third, in the event that the ordering 2 is over
a proper subset S of &I x &a , the representation and existence theorems hold for
all “rectangular” subsets JY~’ x &s’ of S for which the axioms are true. If two such
regions overlap nontrivially, the scales can be transformed linearly so that they coincide over the region of overlap, and in this way the representation can be extended
throughout much, if not all, of any subset S that is likely to be of interest to psychologists provided that the coordinates are physically “continuous.”
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