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Some one-parameter families of commutative 
learning operators 

R. DUXCAN LUCE, University of Pennsylvania 

The  first stochastic learning processes to be studied in any detail assumed 
that response probabilities are transformed linearly by path-independent 
stochastic operators. Such processes can also be viewed as infinite-state 
Markov chains. Since these initial studies were undertaken, three additional 
lines of investigation have appeared: finite-state Markov chains, path- 
dependent modifications of the linear operators, and path-independent non- 
linear operators. This paper is concerned with an important class of nonlinear 
operators. 

T o  abandon linearity may well be necessary, but to do so with abandon is 
pointless: no significant results can be proved about nonlinear stochastic 
processes unless some powerful constraint replaces linearity. So far, the only 
nonlinear operator model that has been studied in any detail is the so-called 
beta model (Bush, 1960; Rush, Galanter, and Lute, 1959; Kanal, 1960,1962a, 
1962b; Luce, 1959; Lamperti and Suppes, 1960). If we confine our attention 
to two-response experiments and let p, denote the probability that response 1 
occurs on trial n, then the beta-model operators are of the form 

where p > 0. Or, if we introduce the transformation v,, == p,/(l - plE), the 
operators become simply v,,+, = pv,, . In  this form, it is easy to see that the 
operators commute with one another-i.e., that the order of application does 
not matter-which is one reason why the beta model is very nearly as trac- 
table as the linear one. 

This being so, it seems sensible to investigate the more general classes of 
one-parameter families of commutative-operator learning models. This we 
do, exhibiting a class of models whose members are all much like the beta 
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model. \Ve also examine which of the theorems now known about the beta 
model can be readily generalized to certain of these commutative-operator 
models. 

1. One-parameter families of learning operators 

DEFINITION 1. A one-parameter family of learning operators-or briefly 
a family of operators-is a trlple (X, A ,  F ) ,  where X and A are (open or 
closed) intervals of real numbers and F is a function from X x A onto X for 
which 

i. (closure) there is a function 19 : A x A -+ A such that for all x E X and 
OI,  p E .4, 

(1) h7[F(.  , 4 ,  PI - F [ x ,  @ ( a ,  P ) ]  ; 
ii. (assoriatizity) for all x r X and u, p, y E A ,  

(2) FIF[x ,  P ) ]  , yl  = F [ F ( x  , a )  O ( P ,  y)l ; 

iii. (identity) there exists e 6 ,4 such that for all x c X 

(3) F ( x ,  e)  = x ;  

iv.  cont ti nu it^^) F is continuous in earh u j  its variables; 

and 

v. (uniqueness) for all x E X ,  F(x ,  a )  = F(x,  u') i f  and only i f  u = u'. 

When X - U ,  the (open or closed) unit interval, the trlple ( U ,  A, F )  is called a 
family of stochastic operators. 

The intended interpretation for stochastic operators is that if p, is the 
probability of a particular rcsponsc on trial n, then the corresponding prob- 
ability on trial n + 1 is given by 

$tL + 1 ' ' (PTL  , E) 9 

where u E A is a learning-rate pal-ameter whose particular value is determined 
by thc stimuli prcscnted, thc rcsponscs made, and the outcomes that resulted 
on certain prcvious trials. 

The first condition of the definition says that an operator of the family 
applicd to anothcr operator of thc family is a third operator of thc same 
family. The second condition requires that the composition of any three 
opel-ators shall be associative. Both of these conditions seem necessary if we 
are to consider compound operators members of the same family. Condition 
iii simply includes the identity operator as a member of the family. Condition 
iv-continuity-sccms reasonable for learning operators. Condition v says 
that if two operators havc identical effccts on all x c X, thcn they are exactly 
the same operator in the sense that the parameters are the same, and con- 
versely. Note that condition v is equivalent to assuming that for each x € X, 
F is strictly nionotonic in the second variable. 
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 m
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. 

(5
) 

th
at

 O
(a
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) 

an
d 

so
 b

y 
th

e 
ar
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ro
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m
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E
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h 
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po

si
ti

ve
 c
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m
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re
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g 
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 c
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om

 
X
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t 
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r 
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x
 E

 X
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v
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er
e 
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 c
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tr
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y 
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- 
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ns
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 o
n 

X
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n
d
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 o
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A
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X
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n

d
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 E
 
A
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F
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 (x
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an

d
 g

 s
at

i:f
ie

s 
E
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P
R

O
O

F
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h
e

 f
ol

lo
w

in
g 

pr
oo

f 
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 f
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h
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m

os
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pa
rt

 
ad

ap
te

d 
fr
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F

o
r 
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 E
 
X
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fi
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G
(x

, Y
) 
=

 F
[x
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d
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W
e 

sh
ow

 
th
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, X
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G
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a 

st
ri

ct
ly

 
m

on
ot

on
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-i
nc

re
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in
g 

fa
m

il
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op
er

at
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G
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s 
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ed
 b
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au

se
 F
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B
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au
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X

, A
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F
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 c
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m

ut
at

iv
e 
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G
(x

, Y
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=

 F
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=
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{F
[x
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(Y
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=
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Y
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w
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G
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=
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{
F
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=
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l,

 
(4

1
 

=
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B
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r,
 e

) 
=

 x
r,

 p
,(
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. 

T
h

u
s,

 

G
(x

r,
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-
 
G

(x
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=
 F

IX
, d

x
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)I
 

=
 F

(x
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 X
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w
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 t
h

e 
id

en
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X
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iv
. 

B
ec

au
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 F
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 c
on

ti
nu

ou
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o 
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 G
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 G
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) 
=
=
 
G
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 f
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ll 
x 

E 
X
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th

en
 F
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 F
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 b
y 
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F
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y 
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e 
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 o
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F
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m
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e 

fa
ct

 t
ha
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 s

tr
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tl
y 
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si

ng
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G
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~
(

~
1

1
 

<: 
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9 
v
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1
 

- C
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) ,
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X
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X
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G
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 s

tr
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tl
y 

m
on

ot
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in

g 
fa
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il
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 m
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ot
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su
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t 

G
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4
f
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F
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-
:
 G
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4

 g(
a)
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w
he

re
 g

 =
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>

 0.
 

T
o

 s
ho

w
 t

h
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 s

at
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 E
q.
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S
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 s
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it
ut

e 
E
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 i
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o 
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S
up
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c 
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at
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h
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le

t 
f
 d
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a 
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w
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ri
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an
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ne
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 n
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et
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h
at

 

Y,
J 1

1 
--

f(
P

,,
+

J 

- .f
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 c
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 m
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 d
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 d
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<
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w
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 d
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S

o 
fa

r 
as

 
I 
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no

 
re
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th
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m
 

si
m
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T

h
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s 
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m
m
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e 
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w
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n 
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e 
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ri
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 m
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ut
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 d
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h
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h
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et
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I 
Y
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, 
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d 

B
 b

e 
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er

ra
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 s
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h 
th

at
 

i. 
th

er
e 

ar
e 

co
nt
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ri

ct
ly

 
m

on
ot
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ic
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nc

re
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in
g 
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tio
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 f

ro
m

 
X
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nt
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B
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ii.
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 y 

E
 
Y

 a
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 p
 E 

B
, 

th
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p

 E
 
Y

; 
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i. 

$
0

, 
y 

E
 B

, 
th

en
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J 
E 

B
; 

an
d 

iv
. 

1 
E
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. 
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 fo

r 
x 

E
 
X
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nd
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 E
 A
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F

 is
 d

ef
in

ed
 b

y 

(7
) 

F
(X

, 
a
)
 =

 f 
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[f
 (

x)
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x)
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en
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X
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4,
 F
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 fa

m
il

y 
of
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on
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ta
tiw

 o
pe

ra
to

rs
 w

it
h 

e 
=
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nd

 

P
R

O
O

F
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ef
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e 
G
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s 
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G
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P 
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Y

E
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E

B
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U

si
ng
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s 
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d 
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is

 a
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m
m
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at
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ec
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fa

m
il
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m
m
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e 

op
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 E
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lo

w
s 
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an
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B
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 c
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h
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h
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w
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 p
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h
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n
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w
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e 

gi
ve

n 
qu

as
i-

m
ul

ti
pl

ic
at

iv
e 

fa
m

il
y 

(X
, A

, F
) 

by
 (

X
, B

, F
*)

, 
w

he
re

 

F
"(

x 
, P

) 
=

 F
[.l
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($
)]

 =
 4 

or
 F

[g
, x

(p
)]

 =
 p

. 
A

ct
ua

ll
y,

 b
o

th
 h

ol
d.

 F
or

 e
x-

 
am

pl
e,

 i
f t

h
e 

se
co

nd
 is

 tr
ue

, t
h

en
 b

y 
E

q.
 (

7)
, f

 (
p

) =
 f 

(:
)g

[x
(p

)]
. R

y 
E

q.
 (

1 I
),

 
1 ;

g[
a(

p)
l 
=

 g
[a

f(
p

)]
 3
,
 s

o 
f 

(i
) -
 f (p

) k
[z

( p
)]

 - f
 (

p
)g

[a
'(

p
)]

, w
hi

ch
 

is
 

cq
ui

va
lc

nt
 t

o 
P

[p
7

 a'
($

)]
 =

 +
. F

ro
m

 t
h

is
 a

nd
 c

om
pl

et
en

es
s,

 

F
(1

 -
p

, 
Y

[u
(P

)]
} =

 1
 -
 F

Ip
, 

4p
)l

 =
 f

, 
an

d 
so

 

f (
p

)g
[x

(p
)l

 =
f 

(l,
) 

=
f(

l 
-
 P

)~
{W

[C
/.

(P
)~

~
 

=
 f(

1
 -
 f

i)
l~

[x
(p

)l
- 

E
lim

in
at

in
g 

g[
,x

(p
)]

, w
e 

ob
ta

in
 E

q.
 (

10
).

 
N

ex
t,

 s
up

po
se

 t
ha

t f
(f

) 
=

 0
. 

A
s 

w
e 

no
te

d 
ea

rl
ie

r,
 i

f 
((

1
, A

, F
)

 is
 q

ua
si

- 
m

ul
ti

pl
ic

at
iv

e,
 s

o 
th

en
 i

s 
(U

, B
, F

*)
, w

he
re

 F
*(

p,
 p)

 =
 F

[p
7

 g
 '(

/I)
]. 

M
or

e-
 

ov
er

, 
if 

((
I,

 A
, F

) 
is

 c
om

pl
et

e,
 s

o 
is

 (
U

, B
, F

*)
 w

it
h 

y!
*(

P)
 -
- 

gr
{y

~
[g

-l
(P

)]
):

 

In
 (

(1
, B

, F
*)

, 
w

e 
ha

ve
 O

*[
g(

a)
, g

(P
)]

 --
 g

(a
)g

(P
),

 an
d 

so
 h

y 
th

e 
co

ro
ll

ar
y 

to
 

T
he

or
em

 8
, w

e 
kn

ow
 th

at
 y

*[
g(

a)
] =

 g
(u

)k
, w

he
re

 k
 -
 
1 

or
 -

1.
 

F
o

rp
 ;r

: 
+
, b

y 
hy

po
th

es
is

 
th

er
e 

ex
is

ts
 

a
(p

) 
su

ch
 

th
at

 e
it

he
r 

f(
p

)g
[x

(p
)]

 - f(
4

) 
=

 0
 o

r 
f 

(h
)x

[u
(p

)]
 =
 0

 =
 f(

p
) 

+ 
0.

 A
st

h
e

 l
at

te
r 

is
 c

le
ar

ly
 i

m
po

ss
ih

lc
, 

th
e 

fo
rm

er
 

m
us

t 
ho

ld
, 

an
d 

so
 g

[n
(p

)]
 =
 0

. 
If

 k
 =

 
-
 1

, t
h

en
 y

)*
(g

[a
(p

)]
) =

 l
jg

[x
(p

)]
 

do
es

 n
ot

 e
xi

st
, 

co
nt

ra
ry

 t
o

 t
h

e 
as

su
m

pt
io

n 
of

 c
c~

m
pl

et
en

es
s.

 'I'
hu

s,
 h

 =
 1

, i
n 

w
hi

ch
 c

as
c 

y!
(a

) 
- g-

l{
y!

*[
g(

a)
])

 =
 g

-'
[g

(x
)J

 - ,x
. 

L
et

 p
, 

q 
E 

CT
, w

he
re

 p
, 

q 
#
 

$. 
T

h
en

 b
y 

th
e 

st
ri

ct
 m

on
ot

on
ic

it
y 

of
f 

an
d 

th
e 

fa
ct

 
th

at
 f

 (g
) 
- 0

, 
w

e 
se

e 
th

at
 f

 (p
),

 f(
q

),
 f

 (
1 
-
 P

),
 a

nd
 f

 (
1 
-
 q

) 
#
 0

. 
B

y 
hy

po
th

es
is

, 
th

er
c 

ex
is

ts
 a

n 
a 

E
 4

 
su

ch
 t

h
at

 e
it

he
r 

f 
(q

) =
 f 

(p
)g

(z
) o

r 
f 

(p
) =

 f 
( q

)g
(a

);
 SO

 b
y 

co
m

pl
et

en
es

s,
 e

it
he

r 

In
 e

it
he

r 
ca

se
, e

li
m

in
at

in
g 

g(
a)

, w
e 

ob
ta

in
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39
3 

th
at

 i
s,

 f
or

 p
 #

 
i,

 f (
p)!

f 
(I

 -
 p

) 
=

 K
, 

a 
co

ns
ta

nt
. 

T
h

u
s,

 

B
ec

au
se

 f
 i

s 
st

ri
ct

ly
 m

on
ot

on
ic

, f
 (&

) =
 0

, 
an

d 
ei

th
er

 p
 <

 4
 an

d
 1

 -
 p

 >
 4 

or
 p

 >
 f 

an
d 

1 
-
 p

 <
 4,

 it
 

fo
ll

ow
s 

th
at

 f
 (p

)/
f 

(1
 -
 p

) 
is

 
ne

ga
ti

ve
, 

so
 

K
 =

 -
1

 
an

d 
f(

p
) 
+ 

f(
l 
-
 p

) 
=

 0
. 

F
o

r 
p 
- 4,

 th
is

 e
qu

at
io

n 
is

 a
ls

o 
m

et
, 

th
u

s 
pr

ov
in

g 
E

q
. 

(1
2)

. 
C

on
ve

rs
el

y,
 

su
pp

os
e 

th
at

 E
qs

. 
(1

0)
 a

nd
 (

11
) 

ho
ld

. 
G

iv
en

 a
ny

 a
 E
 A

, 
ch

oo
se

 y
(a

) 
r 

A
 s

uc
h 

th
at

 g
[~

p(
a)

] =
 l,

;'g
(a

), 
w

hi
ch

 i
s 

po
ss

ib
le

 b
y

 E
q

. 
(l

l)
, 

an
d 

le
t 

q
(p

) 
=

 f 
-l

[f
 (P

)'
d

a)
l 

B
Y

 E
9.

 (
10

1,
 

f -
'{

f(
l 
-
 ~

)g
[v

,(
a)

l)
 =
f 

-1
[f

(i
)2

/f
(~

)g
(a

)l
 

=
 f 

'{
f(

B
>

'/?
'f

[q
(~

)l
) 

=
f -

'{
f[

l 
-
 4

(~
)1

) 

1 
-
 4

(P
).

 
T

h
u

s,
 

F
(p

, 
r

)
 + 

F
[1

 -
 P

, 
y:

(a
)l 

=
f -

lt
f(

p)
g(

m
)l

 
+

f -
IC

f(
l 
-
 P

)~
[Y

(~
)I

I 

=
 Q

(P
) +

 1 
-
 q

(p
) 

=
 1

, 
an

d 
so

 t
h

e 
fa

m
il

y 
is

 c
om

pl
et

e.
 

N
ex

t,
 s

up
po

se
 t

h
at

 E
q.

 (
12

) 
ho

ld
s.

 F
o

r 
an

y 
a 

E 
A

, 
le

t 
y(

a)
 =

 .
a 

an
d 

le
t 

Q
(P

) =
f 

-l
[f

(p
)g

(a
)l

. 
T

h
en

 

f [
l 
-
 4

( P
I1

 '
 -
 f 

[4
(P

)1
 

=
 -

f 
(P

)g
(a

) 

=
 f (

1 
-
 p

)g
[y

(a
)l

. 
T

h
u

s,
 

f -
![

f(
~

)A
a)

l 
+

f-
l{

f(
l 

-p
)g

[y
(a

)1
1-

 
- 4

(P
) 
+ 

1 
-
 
d

P
)

 
=

 1
, 

an
d

 s
o 

th
e 

fa
m

il
y 

is
 c

om
pl

et
e.

 Ij
 

S
ev

er
al

 c
om

m
en

ts
 s

ho
ul

d 
be

 m
ad

e 
ab

ou
t T

h
eo

re
m

 9
. F

ir
st

, t
h

e 
su

ff
ic

ie
nc

y 
pr

oo
fs

 u
se

 o
nl

y 
th

e 
as

su
m

pt
io

n 
th

at
 t

h
e 

op
er

at
or

s 
ar

e 
qu

as
i-

m
ul

ti
pl

ic
at

iv
e,

 
w

he
re

as
 t

hc
 n

cc
es

si
ty

 r
eq

ui
re

s 
th

e 
ex

tr
a 

hy
po

th
cs

is
 t

ha
t 

fo
r 

an
y 

p 
an

d 
q 

th
er

e 
is

 a
n 

a
 s

uc
h 

th
at

 c
it

hc
r 

P
(p

, a
)
 =

 q
 o

r 
F

(q
, a

) 
=

 p
. 

S
om

e 
in

si
gh

t 
in

to
 

th
e 

ro
le

 o
f 

th
is

 h
yp

ot
he

si
s 

ca
n 

be
 o

bt
ai

ne
d 

by
 d

ef
in

in
g 

p
R

q
 i

f 
th

er
e 

ex
is

ts
 

an
 a

 r
 A

 s
uc

h 
th

at
 q

 =
 F

(p
, 

a)
. 

B
y 

E
q

. 
(3

),
 R

 i
s 

a 
re

fl
ex

iv
e 

re
la

ti
on

, 
an

d
 b

y 
a 

si
m

pl
e 

ap
pl

ic
at

io
n 

of
 E

q.
 (

1)
 it

 i
s 

tr
an

si
ti

ve
. 

M
or

eo
ve

r,
 i

f 
ev

er
y 

op
er

at
or

 h
as

 
an

 in
ve

rs
e 

in
 t

h
e 

se
ns

e 
th

at
 f

or
 e

ac
h 

a
 E

 A
 t

he
re

 e
xi

st
s 

an
 a

-l
 
E 

A
 s

uc
h 

th
at

 
fo

r 
al

l p
 E
 
U
,
 F[

F
(p

, 
E
)
,
 ,
--

I]
 
=

 p
, 

th
en

 i
t 

is
 e

as
y 

to
 s

ee
 t

h
at

 R
 i

s 
sy

m
m

et
ri

c.
 

T
h

u
s,

 i
t 

is
 a

n
 e

qu
iv

al
en

ce
 r

el
at

io
n,

 a
n

d
 t

he
 e

xt
ra

 h
yp

ot
he

si
s 

im
pl

ie
s 

th
at

 
th

er
e 

is
 o

nl
y 

on
e 

eq
ui

va
le

nc
e 

cl
as

s.
 W

it
ho

ut
 t

hi
s 

hy
po

th
es

is
, 

th
er

e 
m

ay
 b

e 

se
ve

ra
l 

eq
ui

va
le

nc
e 

cl
as

se
s,

 a
nd

 t
ra

ns
it

io
ns

 c
an

 o
cc

ur
 o

nl
y 

be
tw

ee
n 

m
em

be
rs

 
of

 t
h

e 
sa

m
e 

eq
ui

va
le

nc
e 

cl
as

s.
 

S
ec

on
d,

 
if 

f 
is

 
a 

po
si

ti
ve

 
fu

nc
ti

on
 

th
at

 
sa

ti
sf

ie
s 

E
q.

 
(l

o
),

 
th

en
 

f 
*(

p)
 =

 lo
g 

[ f
 (p

)i
/f

(+
)]

 s
at

is
fi

es
 1

<(
1.

 (1
2)

, a
nd

 c
on

ve
rs

el
y.

 
'I'

hi
rd

, 
th

e 
cl

as
s 

of
 f

un
ct

io
ns

 s
at

is
fy

in
g 

E
q.

 (
10

) 
is

 n
ot

 s
m

al
l.

 L
et

 h
 b

e 
an

y 
co

nt
in

uo
us

, 
st

ri
ct

ly
 m

on
ot

on
ic

-i
nc

re
as

in
g 

fu
nc

ti
on

 f
ro

m
 t

he
 h

al
f-

op
en

 i
nt

er
- 

va
l 

(0
, 

+]
 o

nt
o 

(0
, 

A
($

)]
, 

w
he

re
 0

 <
 h(

+
) 
<

 1.
 I

f 
w

e 
de

fi
ne

 f
 a

s 
fo

ll
ow

s:
 

h
(p

) 
if

p
 I;., 

f(
P

)=
{

h
(q

)2
;y

l-
p

) 
if

p
--

--
 

L
 4,

 
th

en
 i

t 
is

 e
as

y 
to

 c
he

ck
 t

ha
t 

E
q.

 (
10

) 
is

 
' 

m
et

. 
F

ou
rt

h,
 t

h
e 

be
ta

 m
od

el
 s

at
is

fi
es

 t
h

e 
fi

rs
t 

co
nd

it
io

n 
an

d
 t

he
 l

in
ea

r 
m

od
el

 
w

it
h 
1 
- 3

 sa
ti

sf
ie

s 
th

e 
se

co
nd

 o
ne

. 

C
O

R
O

L
L

A
R

Y
 

1.
 L

et
 (

U
, A

, 
F

) 
be

 a
 c

om
pl

et
e,

 q
ua

si
-r

nl
rl

tl'
pl

ic
at

iv
e 

fa
m

il
y 

of 
st

oc
ha

st
ic

 o
pe

ra
to

rs
 t

ha
t 

sa
tis

jie
s 

th
e 

hy
po

th
es

is
 o

f 
T

he
or

em
 9

. 
If
 E

qs
. 

(1
0)

 a
nd

 
(1

 1)
 a

re
 m

et
, 

th
en

 U
 is

 o
pe

n,
 t

he
 r

an
ge

 o
f 

g
, B

, 
is

 t
he

 p
os

it
ir

e 
re

al
s,

 t
he

 r
an

ge
 of

 
f,

 
Y

, 
is

 e
it

he
r 

th
e 

po
si

ti
ve

 o
r 

th
e 

ne
ga

tiv
e 

re
al

s,
 a

n
d

 e
zj

er
y 

op
er

at
or

 h
as

 a
n 

in
z.

er
se

. 

P
R

O
O

F
. E

q.
 (

10
) 

im
pl

ie
s 

th
at

 f
 (

p
) 

an
d 

f 
(1

 -
 p

) 
ar

e 
bo

th
 n

on
-z

er
o 

an
d

 
ha

ve
 t

he
 s

am
e 

si
gn

. 
If

f 
(i

) >
 0,

 t
h

en
 t

he
 f

ac
t 

th
at

 f
 i

s 
m

on
ot

on
ic

 i
nc

re
as

in
g 

im
pl

ie
s 

th
at

 t
he

y 
ar

e 
bo

th
 p

os
it

iv
e,

 w
he

re
as

 i
f f

(i
) 
<

 0,
 i

t 
im

pl
ie

s 
th

at
 t

he
y 

ar
e 

bo
th

 n
eg

at
iv

e.
 T

h
u

s,
 Y

 is
 a

 s
ub

se
t e

it
he

r 
of

 t
he

 p
os

it
iv

e 
o

r 
of

 t
he

 n
eg

at
iv

e 
re

al
s.

 
N

ex
t,

 w
e 

sh
ow

 th
at

 B
 =

 
{y

,.'
~ 

y
, 

x 
E 

Y
).

 B
y 

th
e 

hy
po

th
es

is
 o

f 
T

h
eo

re
m

 9
 

an
d 

E
q.

 (
ll

),
 w

e 
se

e 
th

at
 {

y
/x

 : y
, x

 c
 
Y

) 
G

 B
. 

B
y 

th
e 

fi
rs

t 
pa

rt
 o

f 
th

e 
pr

oo
f 

of
 'I

'h
eo

re
rn

 
9,

 U
 C

 {
f (

1 
-
 p

)!f
(p

) 
I p

 E 
I
/
}
 c
 (

y
ix

 / y
, 

x 
e 

Y
),

 th
u

s 
pr

ov
in

g 
th

e 
as

se
rt

io
n.

 B
ec

au
se

 
Y

 i
s 

a 
su

bs
et

 o
f 

ei
th

er
 t

hc
 p

os
it

iv
e 

or
 t

h
e 

ne
ga

ti
ve

 
re

al
s,

 B
 m

us
t 

be
 a

 s
ub

se
t 

of
 t

h
e 

po
si

ti
ve

 r
ea

ls
. 

Y
 h

as
 m

or
e 

th
an

 o
ne

 p
oi

nt
 b

ec
au

se
 i

t 
is

 i
so

m
or

ph
ic

 t
o 

U
, s

o 
by

 w
ha

t 
w

e 
ha

ve
 j

us
t 

sh
ow

n 
th

er
e 

ex
is

t 
p,

 y 
t
 B

 s
uc

h 
th

at
 0

 <
 p 

<
 1

 <
 y.

 B
y 

in
du

ct
io

n 
on

 th
e 

fa
ct

 th
at

 y
 E

 
Y

 a
nd

 p 
E 

B
 im

pl
y 

th
at

y
p

 E 
Y

, w
e 

se
e 

th
at

j$
" 

an
d

y
]~

" c
 
Y

. 
T

h
u

s,
 w

he
n 

Y
 i

s 
a 

su
bs

et
 o

f 
th

e 
po

si
ti

vc
 r

ea
ls

 a
nd

 w
hc

n 
s
 :::- 

0,
 w

e 
ca

n 
ch

oo
se

 n
 l

ar
ge

 e
no

ug
h 

so
 t

ha
t 

j$
IM

 <
 x 

<
 yy

n.
 'T

hi
s,

 t
og

et
hc

r 
w

it
h 

th
e 

fa
ct

 
th

at
 

Y
 i

s 
an

 i
nt

er
va

l,
 i

m
pl

ie
s 

th
at

 
Y

 =
 p

os
it

iv
e 

re
al

s.
 h

 s
im

il
ar

 a
rg

um
en

t 
ho

ld
s 

w
he

n 
Y

 i
s 

a 
su

bs
et

 o
f 

th
e 

ne
ga

ti
ve

 r
ea

ls
. 

S
up

po
se

 Y
 is

 t
he

 p
os

it
iv

e 
re

al
s.

 T
h

en
 1

 E
 
Y

, 
an

d 
th

er
ef

or
o 

B
3

 f
y

il
 l

y
~

 
Y

) 
=
- 

Y
. 

B
ut

 B
 i

s 
a 

su
bs

et
 o

f 
th

e 
po

si
ti

ve
 r

ea
ls

, 
so

 B
 =

 
Y

. 
If

 
Y

 is
 t

he
 n

eg
at

iv
e 

re
al

s,
 

a 
si

m
il

ar
 a

rg
um

en
t 

ho
ld

s 
us

in
g 
-
 1 

E 
Y

. 
If

 a
 E

 A
, 

th
en

 i
t 

is
 e

as
y 

to
 s

ho
w

 t
ha

t 
a
-I

 
=

 g
pl

[l
/g

(a
)]

 g
iv

es
 t

he
 i

nv
er

se
 

op
er

at
or

. 
11 
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2.
 L

et
 (

U
, A
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)
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 a
 c
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at
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 d
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 e
ith
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A
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 c
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. f
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 c
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 c
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E
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E
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 b
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 c
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 d
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at
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 c
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=
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 m
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 c
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 m
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 d(
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, b
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 d
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r 

if 
w

e 
se

t 
x 

=
 -
 lo

gp
, y

 =
 -
 lo

g 
q,

 a
nd

 G
(x

, a
) 
=

 F
(e

-"
, 

u)
, 

th
at

 G
(x

 +
 y, 

a)
 

is
 a

 f
un

ct
io

n 
of

 G
(x

, a
) 

an
d 

G
(y

, a
).

 I
f 

th
at

 f
un

ct
io

n 
is

 r
at

io
na

l, 
i.e

., 
th

e 
ra

ti
o 

of
 t

w
o 

po
ly

no
m

ia
ls

, 
th

en
 i

t 
is

 k
no

w
n 

(A
cz

C
l, 

19
61

, p
. 

61
) 

th
at

 t
he

re
 a

re
 o

nl
y 

tw
o 

po
ss

ib
ili

tie
s 

fo
r 

G
: 



39
6 

R
. 

D
U

N
C

A
N

 L
U

C
E

 

T
hu

s,
 

a(
a)

~
7

1
iu

' +
 

or
 

F
(P

, .) 
=

 
-
 a

'(
a)

 l
o

g
p

 +
 bf(

u)
 

F
(p

, a
) 
=

 c
(a

)p
"'

"'
 +

 d(
u)

 
-
 c

'(u
) l

og
 p

 +
 d '

 (a
) '

 

It
 i

s 
ea

sy
 t

o 
se

e 
th

at
 t

he
 f

ir
st

 f
am

ily
 i

s 
cl

os
ed

 i
f 

an
d 

on
ly

 i
f 

h(
u)

 =
 1

 f
or

 a
ll

 
a 

r 
A

 a
nd

 t
ha

t 
th

e 
se

co
nd

 f
am

ily
 c
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 t
o 

co
nc

lu
de

: 
If 

(U
, A

, F
) i

s 
a 

co
m

pl
et

e,
 q

ua
si

-m
ul

tip
lic

at
iv

e f
am

ily
 o

f 
st

oc
ha

st
ic

 o
pe

ra
to

rs
 

th
at

 s
at

is
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 c
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at
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l f
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er

 t
he

 
be

ta
-m

od
el

 o
pe

ra
to

rs
 o

r 
th

e 
lin

ea
r 

op
er

at
or

s 
w

ith
 i.

 =
 9

. 

6.
 G

en
er

al
iz

at
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re
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+
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w
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 p

ro
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 p
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 m
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 f
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 l
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at
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, D
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+
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P
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 p
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 p
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 d
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as
i-

m
ul
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 p
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 p
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at
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 d
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w
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d 
ou

t 
se

pa
ra

te
ly

 f
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 p
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.
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