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Some one-parameter families of commutative
learning operators

R. DUNCAN LUCE, University of Pennsylvania

The first stochastic learning processes to be studied in any detail assumed
that response probabilities are transformed linearly by path-independent
stochastic operators. Such processes can also be viewed as infinite-state
Markov chains. Since these initial studies were undertaken, three additional
lines of investigation have appeared: finite-state Markov chains, path-
dependent modifications of the linear operators, and path-independent non-
linear operators. This paper is concerned with an important class of nonlinear
operators.

To abandon linearity may well be necessary, but to do so with abandon is
pointless: no significant results can be proved about nonlinear stochastic
processes unless some powerful constraint replaces linearity. So far, the only
nonlinear operator model that has been studied in any detail is the so-called
beta model (Bush, 1960; Bush, Galanter, and Luce, 1959; Kanal, 1960, 1962a,
1962b; Luce, 1959; Lamperti and Suppes, 1960). If we confine our attention
to two-response experiments and let p, denote the probability that response 1
occurs on trial #, then the beta-model operators are of the form

_ P
1 — Pn + ﬂpu ’
where g > 0. Or, if we introduce the transformation v, = p, /(1 — p,), the
operators become simply v, ,; = fz, . In this form, it is easy to see that the
operators commute with one another—i.e., that the order of application does
not matter—which is one reason why the beta model is very nearly as trac-
table as the linear one.

This being so, it seems sensible to investigate the more general classes of
one-parameter families of commutative-operator learning models. This we
do, exhibiting a class of models whose members are all much like the beta
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model. We also examine which of the theorems now known about the beta
model can be readily generalized to certain of these commutative-operator
models.

1. One-parameter families of learning operators

DrerFINITION 1. A4 one-parameter family of learning operators—or briefly
a family of operators—is a triple (X, A, F), where X and A are (open or
closed) intervals of real numbers and F is a function from X x A onto X for
which

1. (closure) there is a function 0 : A x A — A such that for all x ¢ X and
o, ﬂ € ‘47

(1) FlF(x, «), f] ~ Flx, 6, p)];

ii. (associativity) for all x € X and «, 8, v € A,
) F(Fx, 0z, )], v} = FIEG, ), 08, 9)];

iii. (identity) there exists e € A such that for all x ¢ X
3) Pls, ) — x;

iv. (continuity) F is continuous in each uf its variables;

and
v. (uniqueness) for all x e X, F(x, o) = F(x, ') if and only if « = o’.

When X — U, the (open or closed) unit interval, the triple (U, A, F)is called a
family of stochastic operators.

The intended interpretation for stochastic operators is that if p, is the
probability of a particular response on trial », then the corresponding prob-
ability on trial n 4- 1 is given by

P = !(‘(Pns a),
where « € 4 is a learning-rate parameter whose particular value is determined
by the stimuli presented, the responses made, and the outcomes that resulted
on certain previous trials.

The first condition of the definition says that an operator of the family
applied to another operator of the family is a third operator of the same
family. The second condition requires that the composition of any three
operators shall be associative. Both of these conditions seem necessary if we
are to consider compound operators members of the same family. Condition
iii simply includes the identity operator as a member of the family. Condition
iv—continuity—scems reasonable for learning operators. Condition v says
that if two operators have identical effects on all x ¢ X, then they are exactly
the same operator in the sense that the parameters are the same, and con-
versely. Note that condition v is equivalent to assuming that for each x € X,
T is strictly monotonic in the second variable.
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