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Abstract
Prelec axiomatized a ﬂexible 2-parameter weighting function W over probabilities in a utility context, and Luce reported a simpler
axiomatic condition for the case W ð1Þ ¼ 1. This article modiﬁes the latter to yield also the generalized Prelec functions with W ð1Þa1 and
deals also with the cases where the variables go through ½1; 1½ or through the whole positive line. This has arisen naturally in a
psychophysical application.
r 2006 Elsevier Inc. All rights reserved.
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1. Motivation

to ðx; pÞ; then we get the (multiplicative) separability
condition1

Let ðx; p; y; 1  pÞ denote the binary gamble where x 2 X
is received with probability p and y 2 X with probability
1  p. Many, if not most, versions of utility theory on
binary gambles give rise to the well known subjective utility
representation

Uðx; pÞ:¼Uðx; p; e; 1  pÞ ¼ UðxÞW ðpÞ.

Uðx; p; y; 1  pÞ ¼ UðxÞW ðpÞ þ UðyÞ½1  W ðpÞ
ðp 2 ½0; 1; x; y 2 X ; xhyÞ,

ð1Þ

This form was ﬁrst suggested by Edwards (1955) and
Savage (1954). Moreover, U preserves a weak preference
order h over the binary gambles. Possible mathematical
forms for the functions U and W have been of considerable
interest. Here we focus only on W : For that it is enough to
consider gambles yielding x with probability p and nothing
otherwise. If e 2 X is the pure consequence that separates
gains from losses, then various models provide arguments
leading to UðeÞ ¼ 0, and so we abbreviate ðx; p; e; 1  pÞ
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(2)

In a different area, in psychology, Luce (2002, 2004)
developed a global psychophysical theory of intensity
involving a psychophysical function c over intensities2 less
the threshold intensity and a weighting function W that,
like that in the utility area, represents a subjective
distortion of numbers. Suppose that the respondent is
presented signals x; y ðx4yÞ and a number p40; and is
instructed to select the intensity z ¼ f ðx; y; pÞ such that the
‘‘interval’’ from y to z is perceived to be p times the
‘‘interval’’ from y to x. Then the theory establishes, among
other things, that
W ðpÞ ¼

cðzÞ  cðyÞ
cðxÞ  cðyÞ

ðx4yX0Þ

(3)

is satisﬁed.
1
We do not use distinct symbols for utility of gambles and utility of pure
consequences because the utility of a gamble is equal to that of its certainty
equivalent, which is a pure consequence. And for simplicity we write
Uðx; pÞ to replace U½ðx; pÞ, etc.
2
Not decibels.
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Note that, if p ¼ 1, which amounts to the instruction to
choose z to match x, then the response is veridical, z ¼ x,
iff W ð1Þ ¼ 1. Some years ago, it came as a surprise to many
psychophysists that empirical matches were, in general, not
veridical. In the case of temporally successive presentations, this phenomenon is known as the time order error.
The results are summarized by Hellström (1985, 2003).
Steingrimsson and Luce are currently exploring the
implications of (3) for the time order error.
Note that, if we formally identify U with c; and
Uðx; p; y; 1  pÞ with Uðf ðx; y; pÞÞ, then (1) and (3) are
equivalent, but with one major difference. In the utility case
the mapping W is from ½0; 1 onto ½0; 1; thereby forcing
W ð0Þ ¼ 0; W ð1Þ ¼ 1, whereas in the psychophysical case W
maps 0; 1½ to 0; 1½ and does not necessarily force W ð1Þ ¼
1; although there has been considerable tendency in the
theoretical literature to assume that without comment.
Prelec (1998) gave a behavioral condition for weighting
functions to be of the form
W ðpÞ ¼ exp½bð ln pÞa 

ðp 2 ½0; 1; a40; b40Þ,

(4)

and Luce (2001) provided a simpler behavioral condition
and named the function after Prelec. Under the assumption
that W is strictly increasing over ½0; 1; the condition
arrived at, called reduction invariance, is
ððx; pÞ; qÞðx; rÞ3ððx; pl Þ; ql Þðx; rl Þ
ðp; q; r 2 ½0; 1; l40Þ,

(6)

(7)

Several psychophysical empirical articles—Ellermeier
and Faulhammer (2000), Steingrimsson and Luce (in
press), Zimmer (2005)—tested this property quite thoroughly and found it grossly unsatisfactory. Initially all of
these authors concluded that this meant that W is not a
power function until, ﬁnally, Steingrimsson and Luce
acknowledged that the trouble might lie in the implicit
assumption W ð1Þ ¼ 1: Thus, they explored the possibility
that W ðpÞ ¼ W ð1Þpb which they showed is equivalent to
replacing (7) by
ððx; pÞ; qÞðx; kpqÞ.

(9)
whose behavioral equivalent was not immediately obvious
to them. Finding such an equivalence is the reason for this
note. (They found that the two respondents who failed (8)
did, indeed, satisfy the (10) below).
Prelec (1998) also axiomatized this 3-parameter version,
but Luce (2001) did not because in the utility situation,
where p 20; 1, the condition W ð1Þ ¼ 1 seemed appropriate. When p can be greater or less than 1, it is not forced.
In contrast to (6), we will obtain (see Proposition):
W ðpÞW ðqÞ ¼ W ðrÞ2 3 W ðpl ÞW ðql Þ ¼ W ðrl Þ2
as the deﬁning condition. So this article is an additional
recasting of Prelec (1998).

2. Results

It sufﬁces that (5) be satisﬁed for just two values of l, such
as 2 and 3, because a simple proof, using induction and
continuity, extends those two cases to all l40: Notice that,
in the form (4), W ð0Þ ¼ 0 and W ð1Þ ¼ 1, provided that the
conventions 0a ¼ 0 ða40Þ and expð1Þ ¼ 0 are accepted.
Also, if W is positive and continuous at 1, then (6) implies
W ð1Þ ¼ 1 directly.
Observe that a power function pb is the special case of
Prelec for which a ¼ 1. That form was arrived at
independently by Narens (1996) in an axiomatic treatment
of psychophysical intensity, and he showed that this form is
equivalent to the behavioral condition
ððx; pÞ; qÞðx; pqÞ.

Their data sustained this property for six respondents
run with p41; q41 and for three of ﬁve respondents with
po1; qo1; but the other two clearly failed that condition.
(These two plus one other ran in both conditions.) This led
them to consider the more general Prelec family where
W ð1Þ need not be 1, i.e.,
8
a
>
< W ð1Þ exp½bð ln pÞ  ðp 20; 1½; a40; b40Þ;
ðp ¼ 1Þ;
W ðpÞ ¼ W ð1Þ
>
: W ð1Þ exp½b0 ðln pÞa0 
ðp 21; 1½; a0 40; b0 40Þ

ð5Þ

which using (2) is readily seen to be equivalent to
W ðpÞW ðqÞ ¼ W ðrÞ 3 W ðpl ÞW ðql Þ ¼ W ðrl Þ.

127

(8)

We state our result on 0; 1 (later on 0; 1½) but it can be
extended to 0 by continuity.
Proposition. Assuming separability Uðx; pÞ ¼ UðxÞW ðpÞ,
(2), excluding UðxÞ ¼ 0 for all x 2 X , assuming that the
bijection W : 0; 1 !0; o is strictly increasing and that
0oo ¼ W ð1Þ ¼ limp!1 W ðpÞo1, then the following three
statements are equivalent:
ððx; pÞ; qÞððx; rÞ; rÞ
3ððx; pl Þ; ql Þððx; rl Þ; rl Þ

ðp; q; r 2 0; 1; l40Þ,

ð10Þ

ðp; q; r 2 0; 1; l40Þ,

ð11Þ

W ðpÞW ðqÞ ¼ W ðrÞ2
3W ðpl ÞW ðql Þ ¼ W ðrl Þ2
W ðpÞ ¼ o expðbð ln pÞa Þ
ðp 20; 1; a40; b40; o ¼ W ð1ÞÞ.

ð12Þ

We may call (10) double reduction invariance. It is easy to
see that double reduction invariance, in the form (11), plus
W ð1Þ ¼ 1 implies reduction invariance, (6), but the latter
does not imply the former, in general.
Proof. It is easily shown by use of separability Uðx; pÞ ¼
UðxÞW ðpÞ that (10) and (11) are equivalent. So we suppose
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that (11) holds. To show (12), deﬁne
P ¼  ln p;

Q ¼  ln q,

GðPÞ:¼  ln W ðe
H l ðPÞ:¼GðlPÞ.

P

Þ,

ð13Þ
ð14Þ
ð15Þ

(Note that, since W is a strictly increasing bijection, so is
G). Then (11) translates into




GðPÞ þ GðQÞ
H l ðPÞ þ H l ðQÞ
G 1
¼ H 1
l
2
2
ðl40; PX0; QX0Þ.
This is equivalent to
GðlPÞ ¼ H l ðPÞ ¼ AðlÞGðPÞ þ BðlÞ ðl40; PX0Þ

(16)

(see e.g. Aczél, 1966/2006, Section 3.1.3). Setting P ¼ 1
yields GðlÞ ¼ AðlÞGð1Þ þ BðlÞ; whence, with
KðPÞ:¼GðPÞ  Gð1Þ

(17)

(since G is strictly increasing, so is K), (16) is equivalent to
KðlPÞ ¼ AðlÞKðPÞ þ KðlÞ
¼ AðPÞKðlÞ þ KðPÞ.

ð18Þ
ð19Þ

This holds because of symmetry; but then only for
l40; P40. So
½AðlÞ  1KðPÞ ¼ ½AðPÞ  1KðlÞ ðl40; P40Þ.

(20)

If A is identically 1, then (18) becomes
KðlPÞ ¼ KðPÞ þ KðlÞ ðl40; P40Þ,

A similar result holds for W : ½1; 1½! ½o; 1½ ðo40Þ,
namely
W ðqÞ ¼ o expðb0 ðln qÞa0 Þ
ðq 2 ½1; 1½; a0 40; b0 40; o ¼ W ð1ÞÞ

(then p; q; r 2 ½1; 1½ in (10), (11)). The proof is analogous to
that of (12).
To discuss the p; q; r 2 0; 1½ case, we write the analogue
of (11) in the form
½W 1 ð½W ðpÞW ðqÞ1=2 Þl ¼ W 1 ð½W ðpl ÞW ðql Þ1=2 Þ

that is,
W ðpÞ ¼

G
ð ln pÞb

ðp 20; 1½Þ.

(G40; b40; because W is positive and strictly increasing),
which implies that limp!1 W ðpÞ ¼ 1, contrary to assumption.
So, assuming that there exists a l0 40 with Aðl0 Þa1, Eq.
(20) yields
KðPÞ ¼ b½AðPÞ  1,

(21)

Kðl0 Þ
(b ¼ Aðl
a0) which inserted into (18) gives
0 Þ1

AðlPÞ ¼ AðlÞAðPÞ ðl40; P40Þ,
with AðPÞ ¼ Pa ðaa0Þ as the strictly monotonic solution.
Thus, using (21) and the deﬁnitions (14), (17), and (13) of
G; K; and P, respectively, we obtain
W ðpÞ ¼ expðGð ln pÞÞ ¼ o expðbð ln pÞa Þ
ðp 20; 1½; o40Þ.
This is strictly increasing iff a40; b40 or ao0; bo0. In the
latter case limp!1 W ðpÞ ¼ 1, contrary to assumption.
Thus a40; b40; W ð1Þ ¼ limp!1 W ðpÞ ¼ o and we get (12).
It is routine to show that (12) implies (11). &

(23)

(l40) for the case p; q; r 20; 1½.
For p; q 20; 1½ we have W : 0; 1½!0; 1½; that, being
an increasing bijection, is continuous. If, in particular,
p; q 2 ½1; 1½ then (22) holds; if p; q 2 0; 1 then (12) holds.
If 0opp1pq (this is the remaining case, since p and q
are interchangeable) then, W being a continuous bijection,
there exists an s 20; 1½ such that
W ðsÞ ¼ ½W ðpÞW ðqÞ1=2 ¼: t.
Either s 20; 1 or s 2 ½1; 1½. The result and proof being
similar, let us take, say, s 2 ½1; 1½. Then (12) holds for p
and (22) for q and s. From (22),
s ¼ W 1 ðtÞ ¼ expð½ð1=b0 Þ lnðt=oÞ1=a0 Þ.

(24)

In view of (12), (22), and (24), we have
"
1=a0 #
b0 ðln pÞa0  bð ln qÞa Þ
1=2
1
W ð½W ðpÞW ðqÞ Þ ¼ exp
,
2b0

whose strictly increasing solution is KðPÞ ¼ b ln P ðP40Þ.
Thus,
 ln W ðeP Þ þ ln W ðe1 Þ ¼ GðPÞ  Gð1Þ ¼ KðPÞ ¼ b ln P,

ð22Þ

(25)
W 1 ð½W ðpl ÞW ðql Þ1=2 Þ
" 
1=a0 #
b0 ðln pÞa0  blaa0 ð ln qÞa
¼ exp l
.
2b0

ð26Þ

Clearly, the lth power of (25) equals (26), i.e., Eq. (23) is
satisﬁed, iff a0 ¼ a (b0 may be different from b). Thus we
have proved that the general solution of (23) with
l40; p; q 20; 1½ or, equivalently, of
ððx; pÞ; qÞððx; rÞ; rÞ 3 ððx; pl Þ; ql Þððx; rl Þ; rl Þ
ðp; q; r 20; 1; l40Þ

ð27Þ

or of
W ðpÞW ðqÞ ¼ W ðrÞ2 3 W ðpl ÞW ðql Þ ¼ W ðrl Þ2
ðp; q; r 20; 1; l40Þ

ð28Þ

is given by
(
o exp½bð ln rÞa  for r 20; 1;
W ðrÞ ¼
o exp½b0 ðln rÞa 
for r 21; 1½
(a40; b40; b0 40; o ¼ W ð1Þ).
However, empirical evidence shows also a0 aa cases
(which indicates that people treat numbers below and
above 1 differently). To accommodate them, one could
consider p; q 20; 1 and p; q 2 ½1; 1½ separately, using (12)
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and (22), respectively, (the appearance of a0 aa in the
psychophysical context makes the exclusion of the mixed
case necessary).
On the other end, for a0 ¼ a and b0 ¼ b and assuming
(27) or (28), or (23) for p; q; r 20; 1½, we get, by combining
the case a0 ¼ a; b0 ¼ b of (12) and (22),
W ðpÞ ¼ o expðb signðln pÞj ln pja Þ
for p 20; 1½ ðo ¼ W ð1ÞÞ.
As pointed out by a referee, this equation satisﬁes the
property
W ðpÞW ð1=pÞ ¼ W ð1Þ2 .
Perhaps this consequence could be used to test the theory.
To our knowledge, that has not been attempted.
Acknowledgments
Aczél’s work was supported in part by Natural Sciences
and Engineering Research Council (NSERC) of Canada
Discovery Grant 2972 and that of Luce was supported in
part by National Science Foundation Grant SES-0452756
of the University of California, Irvine. Any opinions,
ﬁndings, and conclusions or recommendations expressed in
this material are those of the authors and do not
necessarily reﬂect the views of NSERC or of the National
Science Foundation.

129

References
Aczél, J. (1996/2006). Lectures on functional equations and their applications. New York London: Academic Press; Mineola, New York:
Dover.
Edwards, W. (1955). The prediction of decisions among bets. Journal of
Experimental Psychology, 50, 201–214.
Ellermeier, W., & Faulhammer, G. (2000). Empirical evaluation of axioms
fundamental to Stevens’s ratio-scaling approach: I. Loudness production. Perception and Psychophysics, 62, 1505–1511.
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Hellström, Å. (2003). Comparison is not just subtraction: Effects of timeand space-order on subjective stimulus difference. Perception and
Psychophysics, 65, 1161–1177.
Luce, R. D. (2001). Reduction invariance and Prelec’s weighting
functions. Journal of Mathematical Psychology, 45, 167–179.
Luce, R. D. (2002). A psychophysical theory of intensity proportions,
joint presentations, and matches. Psychological Review, 109, 520–532.
Luce, R. D. (2004). Symmetric and asymmetric matching of joint
presentations. Psychological Review, 111, 446–454.
Narens, L. (1996). A theory of ratio magnitude estimation. Journal of
Mathematical Psychology, 40, 109–129.
Prelec, D. (1998). The probability weighting function. Econometrica, 66,
497–527.
Savage, L. J. (1954). The Foundations of Statistics. New York: Wiley.
Steingrimsson, R., & Luce, R.D., (in press). Empirical evaluation of a
model of global psychophysical judgments: IV. Forms for the
weighting function. Journal of Mathematical Psychology.
Zimmer, K. (2005). Examining the validity of numerical ratios in loudness
fractionation. Perception and Psychophysics, 67, 569–579.

