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Binary Gambles of a Gain and a Loss: 
an Understudied Domain 

R. Duncan Luce 

Assume that binary rank-dependent expected utility (subjective expected 
utility is a special case) holds for gains and losses separately and that a 
commutative binary operation of joint receipt on consequences and 
gambles is linked to binary gambles via the rational property of 
segregation. This implies that utility U of joint receipt is either itself 
additive or is an exponential transformation of an additive representation V. 
For joint receipt of mixed gains and losses two hypotheses are discussed: 
either U or V is additive over mixed joint receipts. Both hypotheses are 
linked back to gambles in two different ways: a generalization of 
segregation and an empirically sustained but nonrational property called 
duplex decomposition. The additive U model yields bilinear expressions 
like rank-dependent expected utility. Data favor the latter. The additive V 
models yield nonbilinear representations of mixed gambles. 

Keywords: utility theory, non-expected-utility theory, decision making, 
binary gambles. 
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1 Introduction 

Beginning in the 1970s it became increasingly widely recognized that 
subjective expected utility, no matter how compelling it may seem 
normatively, is systematically wrong descriptively. Edwards (1992) 
provides an appraisal. Moreover, for some of us, it even seemed 
questionable normatively because it admitted no real distinction 
between gains and losses. For subjective expected utility to make any 
reasonable sense, all alternatives had to be cast in terms of total 
wealth. Although little was said in print, almost everyone knew that 
this was a bit of a myth because hardly anyone formulates choices at 
that level. To be sure, one's state of wealth affects the domain of 
realistic choices, but it is an implicit background fact (if one can call 
something "a fact" when few of those who hold stocks and real estate 
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know on a daily or weekly basis their current wealth to an accuracy 
of better than 10%). The alternatives actually contemplated 
always seem to be relatively precise increments and decrements in 
that wealth, whatever it is. Various theorists, and certainly all 
experimentalists, recognized this unreality of classical expected 
utility or subjective expected utility, but it was really Kahneman 
and Tversky's (1979) prospect theory that initiated a serious change 
in theorizing. 

Since then and to the present, theorists have concentrated on 
variants of subjective expected utility. Most of the effort, both 
theoretical and experimental, has focused on risky or uncertain 
alternatives composed entirely of gains or entirely of losses. 
Although a number of proposals have been made, such as Birnbaum's 
(1992; Birnbaum et al., 1992; Birnbaum and Navarrete, 1998) 
configural weight theory, Chew's (1983) weighted utility, Chew et 
al.'s (1991) quadratic utility, Loomes' (1988; see his references for 
earlier papers with R. Sugden) disappointment-and-regret theories, 
and the various models by Fishburn (1988), the clearly dominant 
contender from 1982 until the present has been rank-dependent 
utility. Its history, from the perspective of one of its originators, is 
nicely summarized in Quiggin (1993). And many of the experiments 
run in the past ten years have been attempts to decide whether the 
properties underlying rank dependence hold descriptively. Among 
these studies are: Birnbaum and Chavez (1997), Birnbaum and 
McIntosh (1996), Birnbaum and Navarrete (1 998), Brothers (1990), 
Camerer (1989, 1992), Cho and Fisher (unpubl.), Cho and Luce 
(1995), Cho et al. (1994), Chung et al. (1994), Fennema and Wakker 
(1997), Harless and Camerer (1994), Humphrey (1995), Ranyard 
(1977), S t m e r  and Sugden (1993), von Winterfeldt et al. (1997), 
Wakker et al. (1994), and Weber and Kirsner (1996). 

One does find some theory concerned with mixed gambles (=  
uncertain alternatives) of gains and losses, but not many empirical 
phenomena involving mixed gambles have been described, and only 
a very few experiments about them have been run (e.g., Chechile and 
Cooke, 1997; Payne et al., 1980,198 1; and bits of some papers whose 
main focus is rank dependence). This is surprising considering that 
many important choices involve mixtures of gains and losses. 
Perhaps the most serious argument for reconsidering the mixed case 
very carefully are the several theories that suppose alternatives are 
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always recast as gains and losses relative to a reference level and that, 
therefore, all choices actually concern the mixed case (Lopes, 1996, 
who gives references to a number of earlier papers; Luce et al., 1993). 
But even in these models, the postulates about the utility of the 
resulting mixed cases tend to be classical. 

My goal here is to discuss why 1 think this lack of attention is 
inappropriate and to make clear that it is far from obvious what the 
utility expression should be for binary mixed gambles. I describe four 
"principled" arguments that lead to quite different predictions about 
mixed gambles, and the results of one experiment that appears to 
reject at least two of them, including the form postulated in both the 
old and new prospect theory (Tversky and Kahneman, 1992). 

Although there are various ways to arrive at some of these forms, 
I know of only one way to encompass all four; it rests on working 
with both gambles and the binary operation of getting or having two 
(or more) gambles or sure consequences, an operation I call joint 
receipt. 

2 Gambles and Joint Receipts 

2.1 Gambles and Utility Representations 

Suppose C is a set of pure consequences, including money that is 
modeled as the real numbers R. The elements of C (and so R) are 
denoted x, y, z. From C and a family & of chance "experiments"' one 
recursively constructs the set G of uncertain alternatives, often called 
gambles. It is useful to treat C C G. A typical first-order binary 
gamble is of the form ( x ,  C ;  y ,  E\C), where E  is an experiment in £, 
and C  c E  is called an event, and x ,  y E C. This notation is sometimes 
abbreviated (x ,  C ;  y ,  c), where c = E\C, or even ( x ,  C ;  y) when the 
experiment E  is not being varied. A compound binary gamble 
substitutes gambles g ,  h E G for the consequences x ,  y.  

The usual utility framework simply works with a preference order 
k over Cj'. One provides axioms for the preference order that in the 
presence of adequate structure are necessary and sufficient for the 
existence of a numerical representation of the following character. 

1 I use the term "experiment" here in the sense of a statistician, not an 
empirical scientist. 
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A much stronger version of segregation was first invoked by 
Pfanzagl (1959) for monetary gambles; he called it the consistency 
axiom. He assumed one could replace a gamble g by its monetary 
certainty equivalent, CE(g) and that @ = +. Thus, he wrote 
(x + z ,  C; y + z )  -- CE(x, C; y) + z and its natural generalization to 
any finite number of consequences. Segregation is less restrictive in 
three ways. It does not assume that the consequences are money; 
when they are money, it does not assume that @ is addition; and only 
the least gain is assumed to be segregated. Thaler (1985) provided 
evidence against @ = + for gains, but sustained it for losses. 
Kahneman and Tversky (1979) invoked this limited form of 
consistency to money gambles with y = 0 as part of their pre-editing 
of gambles,4 and they called it segregation. 

Pfanzagl's conclusion about the form of U was generalized5 by 
Luce and Fishburn (1995) to the more general context. If Eqs. (1) and 
(3) both hold and V is an additive representation of $, then either U is 
proportional to V [which can be treated as a limiting case of Eq. (6)] 
or there is some constant A > 0 such that if U is convex in V 

or if U is concave in V 

Note that in the concave case U is bounded by A whereas in the 
convex case it is unbounded. The concavity or convexity of U relative 
to V does not necessarily imply the same property relative to money 
unless V(x) = Sx, 6 > 0, which is equivalent to assuming for money 
that x $ y = x + y. 

4 It is interesting that all of their pre-editing steps are now incorporated 
within the axiomatic rank-dependent theory itself and help give rise to the 
numerical representation. These steps were: "coding," which is the gain- 
loss distinction; "combination," which I think is better dubbed coalescing 
(Luce, 1998; see Sect. 3 below); "segregation," which was just stated; and 
"cancellation," which is now called the assumption of consequence 
monotonicity. The last three are all necessary conditions if the rank- 
dependent representation holds. 

5 In fact, we had forgotten Pfanzagl's result and did not mention it. 
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An exactly parallel set of assumptions is made about losses. The 
only differences are that it is the least loss that is segregated and the 
constant in the analogue of Eqs. (4) and (5) may be different from A; 
call it I'. 

From the additivity of V over €9 and Eqs. (4) and (5) it follows 
readily that 

U(g €9 h) = C U(g)+U(h)+U(f)U(g)/A,  if convexinv,  

U(g) + U(h) - U(f)U(g)/A, if convave in V. 

(6) 

2.4 Empirical Evidence about Consistency and Segregation 

Payne et al. (1980, 1981) explored what amounts to Pfanzagl's (1959) 
consistency property using three consequence gambles. They 
assumed €9 = + and used gambles of the form: for x > x' > 
0 > -y' > -y, 

Denote by g f z the gamble with each entry of g augmented by f z. 
Choosing z > 0 such that -y + z > 0 and x - z < 0, they found 
empirically that g + z + g' + Z if and only if g - z 4 g' - z .  The 
comparison of the mixed gambles g and g' went either way, 
depending upon the exact numerical values of the consequences. 
Thus, the consistency property fails, as predicted by various sign- 
dependent theories, and the more limited property of segregation was 
not tested. 

Using choice-based certainty equivalents Cho et al. (1994) and 
Cho and Luce (1995) explored segregation itself for gains and losses 
separately, and found it to be sustained. 

3 Extensions to General Gambles 

Given the above binary theory for gains and losses separately, one 
issue is how to extend it to cover finite gambles of all gains (and, 
separately, all losses) and also to mixed gains and losses. The 



188 R. D. Luce 

extension to general, finite gambles of gains (losses) has been done in 
several ways. Wakker and Tversky (1993) did it using the comono- 
tonicity approach in which, basically, one assumes what amounts to 
the usual independence axiom for all alternatives that maintain the 
same rank order of consequences on the event partition. Luce and 
Fishburn (1991, 1995) used an inductive argument based on the 
obvious generalization of segregation, Eq. (3), to arbitrary finite 
gambles of gains, which argument was significantly simplified by Liu 
(1995). And Luce (1998) has carried out a different inductive 
argument based on two assumptions that are necessary if rank 
dependence hold: (i) For a fixed event partition, the conjoint structure 
over consequences is additive; (ii) if in a gamble with n subevents two 
of the events give rise to the same consequence, then this gamble is 
indifferent to the gamble of order n - 1 in which the partition is the 
same except for coalescing the two relevant subevents into their 
union. The reason for calling this property coalescing is apparent; 
however, others have used other words. It was another of Kahneman 
and Tversky's (1979) "pre-editing" steps, and they called it 
"combination" (see footnote 5). Starmer and Sugden (1993) and 
Humphrey (1995), focusing on going from a gamble of order n to 
n + 1, called it "event splitting." Their term emphasizes partitioning 
an event into two subevents whereas ours emphasizes combining two 
events into one, but mathematically they are the same. 

The weights in these general representations are related to the 
binary weights Wi, i = +, -, in a special cumulative fashion. 
Assuming that the event partition is ordered from the best to the 
worst consequence, then the weight associated with Ej is 

Although I do go into it in any detail in this paper, Birnbaum and 
Navarrete (1 998) have provided evidence casting doubt on this model. 

We focus on the next question, whose answer is not obvious, which 
is: How does one extend the theory from just gains and just losses to 
general mixed cases? In practice, this has been done in two steps. 

So far, everyone has, in effect, assumed that any general finite 
gamble g is decomposed into the subgamble of gains, call it g+ and 
the subgamble of losses, g-, and that 
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where E(+) is the union of all subevents with consequences that are 
gains and E ( - )  is the same for losses. If one of the consequences is 
the status quo e, it is simply dropped from consideration because 
U ( e )  = 0. 

This assumption is a special case of what is often called the 
reduction of compound gambles (to first-order ones). Much data 
question the widespread use of the reduction of compound gambles, 
but this use is very special in the sense that it applies only to the 
partitioning into gains and losses. Nonetheless, given how essential 
Eq. (7) is to the general theory, it is surprising that no one has studied 
it directly in an experiment, but to my knowledge no one has. This 
needs attention. 

Assuming Eq. (7) is correct, the theory thus devolves to under- 
standing mixed binary gambles. Two major theoretical ideas have 
been developed, which are dealt with separately. 

4 The Additive U Model of Mixed Alternatives 

The first representation proposed, which Kahneman and Tversky 
(1979) stated without any real motivation aside from the fact that 
most of the rest of utility theory at the time was bilinear in 
consequences and events, is a fairly plausible mix of the two rank- 
dependent representations. In their generalization of prospect theory, 
cumulative prospect theory (Tversky and Kahneman, 1992), there are 
weighting functions W+ and W- over events, which arose in the 
respective rank-dependent theories for gains and losses such that for 
g+ E G+ and h- E G- 

U(g+, C;  h- ,  C )  = U(g+) W+(C) + U(h-)  W- ( C ) .  (8) 

In Kahneman and Tversky's (1979) paper the weights were not sign 
dependent6, i.e., W+ = W-. 

6 It should be noted that some of the lore in the field has been justified 
only for this stronger assumption. For example, it is often said that U  must 
satisfy the following two properties: For x  E R+, U ( x )  < - U ( - x )  and 
U 1 ( - x )  > U 1 ( x ) .  In the 1979 paper this was derived from prospect theory 
and group data, but it does not follow from these data for their later, more 
general, sign-dependent theory. Many nontheorists have failed to 
distinguish carefully the model-dependent nature of some inferred 
properties. 
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4.1 U Additive over Mixed Joint Receipt 

Luce (1991) and Luce and Fishburn (1991) pointed out that Eq. (8) is 
a reasonably natural consequence of assuming 

where U is the utility that arose in Eq. (I). 
A natural question to raise is what qualitative properties give rise to 

Eq. (9). The answer may seem easier than in fact it is. Suppose we 
define 

Then according to Eq. (9), (G, x G- , k ') must satisfy the axioms of 
an additive conjoint structure, and the axiomatization of such struc- 
tures is well understood (Krantz et al., 1971). Thus, we know quali- 
tative conditions under which an additive representation U; + U: 
exists. Because the gain and loss domains do not overlap except at e, 
we may simply denote the union of these functions as U *. There is, at 
this point, no reason to assume that U * is the same as (or linear with) 
the U obtained from the binary rank-dependent model over gains, 
Eq. (I), and, separately, over losses. 

So, two questions must be addressed. First, what property permits 
one to assume that U and U * agree? That issue was taken up by Luce 
(1996) and, as is usual in such cases, the answer rests upon finding a 
suitable qualitative property linking the extensive and conjoint 
structures, developing a functional equation from it, and solving that 
equation (which in this case turned out to be quite difficult to do). 
Second, what property involving joint receipt and gambles allows one 
to go from Eq. (9) to Eq. (8)? I take them up in that order. 

4.2 Joint-Receipt Consistency and the Extensive-Conjoint 
Model 

The necessary property that insures that U from gains and losses can 
also be assumed to be additive over mixed joint receipts is: For any 
gambles f ,  f  ', g  k e k h ,  k  for which f @ h ,  f '  @ h  k e ,  

( f @ h ) @ g - -  ( f @ g ) @ k  iff ( f l @ h ) @ g - - ( f 1 @ g ) @ k .  (10) 

This property, which is called joint-receipt consistency, first arose 
in an axiomatic approach presented by Luce and Fishburn (1991), 
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and Luce (1996, theorem 8) used it to derive a functional equation 
relating U and U * that was then solved in Aczkl et al. (1996). No one 
has tried to test the property empirically, and as we shall see it 
probably is not worth doing so. 

The qualitative model that assumes $ is extensive over gains and 
losses separately and conjoint over mixed alternatives with the two 
regions linked by joint-receipt consistency is called the extensive- 
conjoint model. 

4.3 Duplex Decomposition 

The second question is what property allows one to deduce Eq. (8) 
from Eq. (9). It is not difficult to see that it is 

where El and E2 denote two independent replications of the 
experiment E and Ci denotes the realization of the event C in the 
replications Ei. This property, which is called duplex decomposition, 
was first suggested on the basis of experimental evidence by Slovic 
and Lichtenstein (1968). See below for additional empirical evi- 
dence. So, we have sufficient conditions for the prospect theory repre- 
sentation of Eq. (8): An additive conjoint structure for $ on mixed 
alternatives, joint-receipt consistency, and duplex decomposition. 

4.4 General Segregation 

Luce (1997) also suggested a generalization of the segregation 
property of Eq. (3) for gains (or for losses) as a possible alternative 
"law" linking gambles. It can be formulated most easily by intro- 
ducing the concept of "subtraction," namely, 

The idea continues to be that for mixed gambles that are perceived 
as a gain, one subtracts off the smaller term, h, which now may be a 
loss, and then re-adds it as a kind of "certainty"; whereas, if the 
gamble is seen as a loss one subtracts off the greater term, which now 
may be a gain, and then re-adds it, i.e., 
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This is called general segregation because it agrees with segregation 
when g and h are both gains or both losses, and it extends it into the 
realm of mixed consequences. 

Assuming Eqs. (9) and (13) one derives 

Equations (8) and (14) are very similar in that the utilities of the 
consequences enter additively in both cases. The difference lies in 
what weights are assigned to complementary events. In the former 
equation, as in prospect theory, it is the weight for gains, W+, and the 
weight for losses, W-, which do not in general sum to 1. In the latter 
equation, whether we use the gain weight or loss weight depends on 
how the gamble is seen relative to the status quo, but in each case the 
weights of complementary events do add to 1. 

4.5 Empirical Evidence 

As was noted earlier, Slovic and Lichtenstein (1968) first suggested 
duplex decomposition on the basis of empirical evidence. After the 
theory described above was developed, Cho et al. (1994) studied it 
again by a choice-based method of certainty equivalents called  PEST^. 

-- 

7 PEST, which stands for parameter estimation by sequential testing, is a 
technique for homing in on the choice certainty equivalent of something, in 
this case a gamble g. The basic idea is this. A choice between an amount of 
money and g is presented. If the money is selected, its value is reduced in 
the next presentation of g;  if g is selected, the money amount is increased. 
Successive presentations of a particular gamble are separated by 
presentations of many other similar money-gamble pairs. Once the 
direction of choice for g reverses, the size of the incremental change is 
halved. This pattern of reversals followed by halving is continued until the 
increment falls below a prescribed threshold, which we took to be 1/50 of 
the range of outcomes in g. The certainty equivalent is estimated to be the 
average of the last two money amounts prior to reaching threshold. When g 
drops out, it is replaced by a similar filler gamble whose only purpose is to 
maintain a constant expected recurrence time for the other gambles. 
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In all cases, duplex decomposition was not rejected at the noise level 
of the experiments - which, as is unfortunately true throughout this 
empirical literature, is rather high. 

Although segregation was sustained for gains and losses sep- 
arately, we do not know how it will fare experimentally in the mixed 
case. In particular, no one has yet run a study in the mixed domain in 
which duplex decomposition and general segregation are pitted 
against one another to see which is the more accurate. 

Chechile and Cooke's (1997) is the only empirical study of which I 
am aware that has focused on the additive representation of the mixed 
case, and it appears to reject both models decisively. Their basic idea 
was as follows. The values of r used were seven probabilities spaced 
evenly from 0.05 to 0.95, and g, = ($50, r; -$50, 1 - r). For each r 
and for various pairs of consequences (x, -y), they asked subjects to 
report8 the value of p for which (x,p; y, 1 - P) g,. 

Consider the class of utility models that Miyamoto (1988) called 
generic, 

U(x, P; - y ,  1 - P) = U(x)F(p) + U(-y)G(1 - p) ,  (15) 

which includes as special cases the two models above. Chechile and 
Cooke (1997) observed that if one writes X = U(x)F(p) and 
Y = U(-y)G(l - p), then for each r one has the following linear 
prediction of how X and Y covary: Y = -X + U(g,). So, if one fits a 
linear regression to the data for each r separately, the slopes for all 

8 The values for x and y in the pairs (x ,  -y) were all combinations from 
{$0, $20, $40, $60, $80, $100). That means that the published study 
kcluded what must be spurious responses. For example, subjects were 
forced to make probability choices such as ($50,0.95; -$50,0.05) -- 
( $ 0 , ~ ;  $O,1 - p) and ($50,0.95; -$50,0.05) -- ( $ 2 0 , ~ ;  -$40,1 - p) .  The 
former is senseless because the right side, independent of p, is nothing but 
$0, which most people consider as decidedly inferior to the left gamble, 
which has an expected value of $45. The latter case almost certainly runs 
into a ceiling effect. The largest one can go on the right is p = 1 in which 
case the consequence is $20. For many of us ($50,0.95; -$50,0.05) is also 
strictly preferred to $20. A re-analysis, in which the cases that were either 
silly or may have encountered boundary effects were omitted, has been 
carried out (R. Chechile, pers. commun., 1997) and, although there are 
minor numerical differences, the conclusion is equally firm: The additive U 
models are rejected. 
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seven values of r should be - 1. To test this, they calculated optimal 
parameters of nine combinations of models for U ,  F, and G. Contrary 
to prediction, they found, with few exceptions, the slope to decrease 
monotonically and appreciably with r - over the nine model variants, 
the ratio of the slope for r = 0.05 to the slope for r = 0.95 ranged 
between 41 and 700, which is not very consistent with the predicted 
ratio of 1. Thus, generic utility, and so in particular the two models 
described here and many others in the literature, are rejected for 
mixed gambles. 

Somewhat surprisingly, the estimated average U functions seemed 
to be convex for gains and concave for losses, despite the conven- 
tional wisdom that for most people utility is concave for gains and 
convex for losses. 

Is there any reason to be uneasy about the conclusion that these 
additive models are wrong in the mixed case? The only one of which 
I am aware is that we know that judged certainty equivalents and 
judged probability equivalents are not consistent with one another 
(Carbone and Hey, 1994, 1995; Delquit, 1993; Hershey and 
Schoemaker, 1985; Hey and Carbone, 1994; Hey and Orrne, 1994). 
Indeed, Hershey et al. (1982) noted that in the collection of studies 
summarized by Fishburn and Kochenberger (1979), the 12 using 
certainty equivalents all estimated utility functions that were concave 
for gains and convex for losses whereas of the 8 based on probability 
equivalents 7 estimated utility functions that were convex for gains 
and concave for losses. That pattern is obviously systematic, but I 
suspect the effect is not sufficiently large to explain away the 
Chechile and Cooke finding. Nevertheless, the resulting conclusion is 
so important - after all, it rejects a huge class of models that many 
have been taking for granted - that additional studies are warranted. 
The most obvious approach is to check the major axioms of additive 
conjoint measurement over the consequences for fixed event 
partitions. The two most important axioms are monotonicity (called 
independence in the measurement literature, e.g., Krantz et al., 1971) 
and the Thomsen condition. 

Monotonicity has been studied extensively and although rejected 
when appraised using judgment procedures it has been sustained in 
direct choices and using the PEST procedure for establishing certainty 
equivalents (von Winterfeldt et al., 1997; Birnbaum, 1997, surveys 
the literature). 
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The Thomsen condition for this situation is that if x, y, z are gains 
and u, v ,  w are losses, then with experiment E fixed and the notation 
E \ C  suppressed, 

(x1 c; v )  - (Yl C; w )  and (Y, C; u) - (z, C; V )  

imply (x, C; u) - (z, C; w ) .  

This property has not been studied (in this context) but, given 
Chechile and Cooke's results, presumably it will fail in a major way. 

From the perspective of a theorist, the question has to be: Where 
did we go wrong and what can be done about it? We turn to that next. 

5 The Additive V Model of Mixed Alternatives 

5.1 Joint Receipt as an Archimedean Ordered Group 

Luce (1997) investigated what is, intuitively, a far more plausible 
model for joint receipt than the extensive-conjoint one, namely the 
assumption that (Dl k , @, e )  forms an Archimedean, weakly ordered 
group and so V is additive throughout the structure (Hdder, 1901). 
For this model to hold, a primary qualitative property is associativity, 
i.e., for all f ,  g, h E V, 

This simply means that the order of grouping does not matter in so far 
as preference among the alternatives is concerned. So, for example, 
when goods are packed in boxes one does not care, with respect to 
preference among the goods, i f f  and g are in one box and h is 
separate or iff is separate and g and h are in one box. In the mixed 
case, some of the goods are intact and others badly damaged, but for 
preference among the goods it is which are intact and which 
damaged, not their packaging, that matters. 

In addition, the assumption being made means that each alternative 
has an "inverse" in the sense of a compensating element: For each 
g E G, there exists g-l E G such that g @ g-l -- e .  

Assuming that V is additive has two advantages over assuming 
U is additive. First, the associativity of joint receipt seems very 
compelling both intuitively and normatively. It is currently being 
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studied empirically. Second, we can deduce without any further 
assumptions how U behaves over mixed joint receipts because 
there is a single function V and we know how U behaves relative 
to it for both gains and losses. There are four combinations 
depending on whether U is concave or convex relative to V for both 
gains and losses. Suppose f+ k e  k g - ,  and let p be 1 iff, @ g- 
is perceived as a gain and 0 if it is perceived as a loss. Then 
with a minor amount of algebra one shows for the concave-convex 
case 

where A is the constant for gains in Eq. (5) and I? is that for losses in 
the loss analogue of Eq. (4). For the convex-concave case, which 
apparently was typical of Chechile and Cooke's (1997) subjects, one 
gets the same formula except the signs in the right-hand denominator 
are both changed. 

The concave-concave case is given by 

The convex-convex formula is exactly the same except that the - on 
the right becomes +. 

5.2 Mixed Binary Gambles 

To find out what happens with mixed gambles, one first combines Eq. 
(1 7) with duplex decomposition, Eq. (1 I), obtaining for the concave- 
convex case: 
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Alternatively, for general segregation, Eq. (13), one gets: 

In the convex-concave case, the signs attached to the U terms in the 
denominators are interchanged. 

The concave-concave and convex-convex cases are bilinear except 
for a multiplicative interaction term. Note that in all cases the general 
bilinear form of generic utility simply does not arise because of the 
denominators in the concave-convex and convex-concave cases and 
because of the interaction terms when both are either concave or 
convex. 

5.3 Relation to Chechile and Cooke Data 

The form based on duplex decomposition for the convex-concave 
case is not inconsistent with the Chechile and Cooke (1997) results 
according to the following argument. Let X = (U(f+)/A)W+(C), 
Y = (u (~- ) /F)w-(c ) ,  and G, = U(g,)/(pA + (1 - p)r) .  Then a 
little algebra on Eq. (19) for the convex-concave case yields the linear 
form Y = [G, - X(l - (1 - p)G,)]/(l + pG,). When r is small - 
the smallest value was 0.05 - G, assumes its most negative value 
which, because p = 0 and U is concave, is bounded by - 1. Thus, the 
slope, which is -[I - Go.o5], must lie between - 1 and -2. When r is 
large - the largest was 0.95 - G, assumes its maximum positive 
value which, because p = 1 and U is convex, is bounded between 0 
and m. Thus, the slope, which is -1/(1 + must lie between 
- 1 and 0. Therefor, the ratio of the two slopes, [I - Go.o5] [ l  + 
can be anything between 1 and m. This is not very restrictive, but 
certainly it includes all of the values calculated by Chechile and 
Cooke (1997) from their data and various models based on generic- 
utility theory. 

It is not difficult to show that the rate of change of the slope with r 
is given by [-1/(1 + p ~ r ) 2 ] d ~ r / d r .  Because dG,/dr > 0, this 
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predicts a monotonic decrease in the slope with increasing r, as was 
seen in the data. 

I do not see how to make a similar direct qualitative comparison for 
the model of Eq. (20) because the denominator terms do not have any 
weights multiplying the utilities and so it cannot be put in the X,Y 
format. So we cannot conclude without a detailed data analysis 
whether it is viable or not. 

5.4 An Analysis of Individual Subjects 

A severe test of these models is yet to be reported, but as I write a 
body of data involving a total of 144 subjects, collected for other 
reasons by Cho and Luce (1995), is being re-analyzed by R. Sneddon 
in terms of all four of the models described here using all four 
combinations of concave and convex exponential utility functions of 
money for gains and losses. The results are not yet final and so I do 
not comment on them. 

6 Conclusions 

The major point of the paper is simple. The field, in its concern with 
subjective expected utility and its generalization to rank-dependent 
models for gains and losses separately, has with a few exceptions lost 
sight of what I believe may in reality be the most significant case, 
namely, mixed binary consequences. I have attempted to make clear 
that this case is far more problematic and complicated than has been 
recognized. 

The simplest class of representations from the perspective of 
gambles are those where U is additive over mixed joint receipts. 
Qualitatively, however, this model is not simple, and theoretically 
strong and untested assumptions (the Thomsen condition over con- 
sequences and joint-receipt consistency) are needed to justify it. 
Moreover, one study, based on group data, suggests that this class of 
additive-U models is grossly incorrect (Chechile and Cooke, 1997). 

The axiomatization of the fully associative case of joint receipts 
leading to additive V is far simpler mathematically than the extensive- 
conjoint one because one does not need any special qualitative laws 
linking the representations for gains and losses separately to the 
mixed case. Despite that simplicity, the corresponding representa- 
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tions for the utility of mixed gambles are significantly more compli- 
cated than those of the traditional model. At least the one arising 
from duplex decomposition appears to be consistent with the data 
of Chechile and Cooke that clearly reject the additive-utility 
assumption. 

These results, both empirical and theoretical, suggest that consi- 
derable additional attention needs to be focused on these mixed cases. 

Acknowledgements 

The preparation of this paper was supported, in part, by National Science 
Foundation Grant SBR-9540107 to the University of California, Irvine, 
Calif., USA. I appreciate the suggestions, which are incorporated into this 
version, of two anonymous referees. Especially useful was the suggestion to 
add material on Pfanzagl's (1959) consistency principle and its empirical 
rejection. 

References 

Acztl, J., Luce, R. D., and Maksa, Gy. (1996): "Solutions to Three 
Functional Equations Arising from Different Ways of Measuring 
Utility." Journal of Mathematical Analysis and Applications 204: 
451-471. 

Birnbaum, M. H. (1992): "Violations of Monotonicity and Contextual 
Effects in Choice-Based Certainty Equivalents." Psychological Science 
3: 310-314. 
- (1997): "Violations of Monotonicity in Judgment and Decision 

Making." In Choice, Decision, and Measurement: Essays in Honor of 
R. Duncan Luce, edited by A. A. J. Marley. Mahwah, N.J.: Lawrence 
Erlbaum Associates. 

Birnbaum, M. H., and Chavez, A. (1997): "Tests of Branch Independence 
and Distribution Independence in Decision Making." Organizational 
Behavior and Human Decision Processes 7 1 : 161 - 194. 

Birnbaum, M. H., and McIntosh, W. R. (1996): "Violations of Branch 
Independence in Choices between Gambles." Organizational Behavior 
and Human Decision Processes 67: 91 - 1 10. 

Birnbaum, M. H., and Navarrete, J. (1998): "Testing Rank- and Sign- 
Dependent Utility Theories: Violations of Stochastic Dominance and 
Cumulative Independence." Journal of Risk and Uncertainty 17: 49-78. 

Birnbaum, M. H., Coffey, G., Mellers, B. A., and Weiss, R. (1992): "Utility 
Measurement: Configural-Weight Theory and the Judge's Point of View." 
Journal of Experimental Psychology, Human Perception and Pegor- 
mance 18: 331 -346. 

Brothers, A. (1990): "An Empirical Investigation of Some Properties that 
Are Relevant to Generalized Expected-Utility Theory." Ph.D. thesis, 
University of California, Iwine, California. 



200 R. D. Luce 

Camerer, C. F. (1989): "An Experimental Test of Several Generalized Utility 
Theories." Journal of Risk and Uncertainty 2: 61 - 104. 
- (1992): "Recent Tests of Generalizations of Expected Utility Theory." 

In Utility Theories: Measurement and Applications, edited by W. 
Edwards. Boston: Kluwer. 

Carbone, E., and Hey, J. D. (1994): "Discriminating between Preference 
Functionals: a Preliminary Monte Carlo Study." Journal of Risk and 
Uncertainty 8: 223-242. 
- (1995): "A Comparison of the Estimates of EU and Non-EU Preference 

Functionals Using Data from Pairwise Choice and Complete Ranking 
Experiments." Geneva Papers on Risk and Insurance Theory 2: 1 1 1 - 133. 

Chechile, R. A., and Cooke, A. D. J. (1997): "An Experimental Test of a 
General Class of Utility Models: Evidence for Context Dependency." 
Journal of Risk and Uncertainty 14: 75-93. 

Chew, S. H. (1983): "A Generalization of the Quasilinear Mean with 
Applications to the Measurement of Income Inequality and 
Decision Theory Resolving the Allais Paradox." Econometrica 5 1: 
1065- 1092. 

Chew, S. H., Epstein, L. G., and Segal, U. (1991): "Mixture Symmetry and 
Quadratic Utility." Econometrica 59: 139- 163. 

Cho, Y., and Luce, R. D. (1995): "Tests of Hypotheses about Certainty 
Equivalents and Joint Receipt of Gambles." Organizational Behavior and 
Human Decision Processes 64: 229-248. 

Cho, Y., Luce, R. D., and von Winterfeldt, D. (1994): "Tests of Assumptions 
about the Joint Receipt of Gambles in Rank- and Sign-Dependent Utility 
Theory." Journal of Experimental Psychology, Human Perception and 
Peqormance 20: 93 1 -943. 

Chung, N.-K., von Winterfeldt, D., and Luce, R. D. (1994): "An Experi- 
mental Test of Event Commutativity in Decision Making under Uncer- 
tainty." Psychological Science 5: 394-400. 

Delquit, P. (1993): "Inconsistent Trade-offs between Attributes: New 
Evidence in Preference Assessment Biases."Management Science 39: 
1382-1395. 

Edwards, W. (ed.) (1992): Utility Theories: Measurements and Applications. 
Boston: Kluwer. 

Fennema, H., and Wakker, P. (1997): "Original and Cumulative Prospect 
Theory: a Discussion of Empirical Differences." Journal of Behavioral 
Decision Making 10: 53-64. 

Fishburn, P. C. (1988): Nonlinear Preference and Utility Theory. Baltimore, 
Md.: Johns Hopkins Press. 

Fishburn, P. C., and Kochenberger, G. A. (1979): "Two-Piece von 
Neumann-Morgenstern Utility Functions." Decision Sciences 10: 
503-518. 

Harless, D., and Camerer, C. (1994): "The Predictive Utility of Generalized 
Expected Utility Theories." Econometrica 62: 125 1 - 1290. 

Hershey, J., and Schoemaker, P. (1985): "Probability versus Certainty 
Equivalence Methods in Utility Measurement: Are They Equivalent?" 
Management Science 3 1 : 12 13 - 123 1. 



Binary Gambles 20 1 

Hershey, J., Kunreuther, H. C., and Schoemaker, P. (1982): "Sources of Bias 
in Assessment Procedures for Utility Functions." Management Science 
28: 936-954. 

Hey, J. D., and Carbone, E. (1994): "Stochastic Choice with Deterministic 
Preferences: an Experimental Investigation." Economics Letters 47: 
161-167. 

Hey, J. D., and Orme, C. D. (1994): "Investigating Generalizations of 
Expected Utility Theory Using Experimental Data." Econometrica 62: 
1291-1326. 

Holder, 0. (1901): "Die Axiome der Quantitat und die Lehre vom Ma&" 
Berichte der Verhandlungen der Koniglich Sachsischen Gesellschafi 
der Wissenschaften zu Leipzig, Mathernatisch-Physikalische Classe 53: 
1-64. 

Humphrey, S. J. (1995): "Regret Aversion and Event-Splitting Effects? 
More Evidence under Risk and Uncertainty." Journal of Risk and 
Uncertainty 1 1 : 263-274. 

Kahneman, D., and Tversky, A. (1979): "Prospect Theory: an Analysis of 
Decision under Risk." Econometrica 47: 263-291. 

Krantz, D. H., Luce, R. D., Suppes, P., and Tversky, A. (1971): Foundations 
of Measurement, vol. I. New York: Academic Press. 

Liu, L. (1995): "A Theory of Coarse Utility and Its Application to 
Portfolio Analysis." Ph.D. Dissertation, University of Kansas, Lawrence, 
Kansas. 

Loomes, G. (1988): "Further Evidence on the Impact of Regret and 
Disappointment in Choice under Uncertainty." Economics 55: 47-62. 

Lopes, L. L. (1996): "When Time Is of the Essence: Averaging, Aspiration, 
and the Short Run." Organizational Behavior and Human Decision 
Processes 65: 179- 189. 

Luce, R. D. (1991): "Rank- and Sign-Dependent Linear Utility Models for 
Binary Gambles." Journal of Economic Theory 53: 75-100. 
- (1996): "When Four Distinct Ways to Measure Utility Are the Same." 

Journal of Mathematical Psychology 40: 297-317. 
- (1997): "Associative Joint Receipts." Mathematical Social Sciences 

34: 51-74. 
- (1998): "Coalescing, Event Commutativity, and Utility Theories." 

Journal of Risk and Uncertainty 16: 87- 1 14. 
Luce, R. D., and Fishburn, P. C. (1991): "Rank- and Sign-Dependent Linear 

Utility Models for Finite Firsl-Order Gambles." Journal of Risk and 
Uncertainty 4: 25-59. 
- (1995): "A Note on Deriving Rank-Dependent Utility Using Additive 

Joint Receipts." Journal of Risk and Uncertainty 11: 5- 16. 
Luce, R. D., Mellers, B. A., and Chang, S.-J. (1993): "Is Choice the Correct 

Primitive? On Using Certainty Equivalents and Reference Levels to 
Predict Choices among Gambles." Journal of Risk and Uncertainty 6: 
115-143. 

Miyarnoto, J. M. (1988): "Generic Utility Theory: Measurement Founda- 
tions and Applications in Multiattribute Utility Theory." Journal of 
Mathematical Psychology 32: 357-404. 



202 Luce: Binary Gambles 

Payne, J. W., Laughhunn, D. J., and Crum, R. (1980): "Translation of 
Gambles and Aspiration Level Effects in Risky Choice Behavior." 
Management Science 26: 1039- 1060. 
- (1981): "Further Tests of Aspiration Level Effects in Risky Choice 

Behavior." Management Science 27: 953-958. 
Pfanzagl, J. (1959): "A General Theory of Measurement: Applications to 

Utility." Naval Research Logistics Quarterly 6: 238-294. 
Quiggin, J. (1 993): Generalized Expected Utility Theory: the Rank-Depen- 

dent Model. Boston: Kluwer. 
Ranyard, R. H. (1977): "Risky Decisions Which Violate Transitivity and 

Double Cancellation." Acta Psychologica 41: 449-459. 
Slovic, P., and Lichtenstein, S. (1968): "Importance of Variance Preferences 

in Gambling Decisions." Journal of Experimental Psychology 78: 646- 
654. 

Starmer, C., and Sugden, R. (1993): "Testing for Juxtaposition and Event- 
Splitting Effects." Journal of Risk and Uncertainty 6: 235-254. 

Thaler, R. H. (1985): "Mental Accounting and Consumer Choice." Market- 
ing Science 36: 199-214. 

Tversky, A., and Kahneman, D. (1992): "Advances in Prospect Theory: 
Cumulative Representation of Uncertainty." Journal of Risk and Uncer- 
tainty 5: 204-217. 

von Winterfeldt, D., Chung, N.-K., Luce, R. D., and Cho, Y. (1997): "Tests 
of Consequence Monotonicity in Decision Making under Uncertainty." 
Journal of Experimental Psychology, Learning, Memory, and Cognition 
23: 406-426. 

Wakker, P. P., and Tversky, A. (1993): "An Axiomatization of Cumulative 
Prospect Theory." Journal of Risk and Uncertainty 7: 147- 175. 

Wakker, P. P., Erev, I., and Weber, E. U. (1994): "Comonotonic Indepen- 
dence: the Critical Test between Classical and Rank-Dependent Utility 
Theories." Journal of Risk and Uncertainty 9: 195-230. 

Weber, E. U., and Kirsner, B. (1996): "Reasons for Rank Dependent Utility 
Evaluation." Journal of Risk and Uncertainty 14: 41 -61. 

Address of author: R. Duncan Luce, Institute for Mathematical Behavioral 
Sciences, University of California, Irvine, CA 92697-5100, USA. 

Printed in Austria 


