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Comparisons of Behavioral and Physical Measures
Abstract
Two examples of behavioral measurement are explored — utility theory and
global psychophysical theory of intensity — that closely parallel classical physical measurement in several ways. First, the attribute in question can be manipulated in two independent ways. Second, each method of manipulation is
axiomatized and each leads to a measure of the attribute that because they are
order preserving must be strictly monotonically related. Third, a law-like constraint, somewhat akin to the distribution property of, e.g., mass measurement,
link the two types of manipulation. Fourth, given the measures that result from
each manipulation, the linking law between them can be recast as a functional
equation that establishes the connection between the two measures of the same
attribute. Fifth, a major diﬀerence from physics is that the resulting measures are themselves mathematical functions of underlying physical variables —
of money and probability in the utility case and of physical intensity and numerical proportions in the psychophysical case. Axiomatizing these functions,
although still problematic, appears to lead to interesting results and to limit the
degrees of freedom in the representations.
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For a good many years I have fretted about aspects of psychological measurement — my first papers on the topic introduced the concept of semiorders
(Luce, 1956) and gave a mathematical critique of Fechner’s construction of a
scale of subjectively equal jnds (Luce & Edwards, 1958; see also Krantz, 1971,
and Iverson, Myung, & Karabatsos, submitted). My purpose here is to share
with you some of my ruminations on behavioral measurement as well as to summarize some newer results. In particular, I will consider a number of parallels
with and diﬀerences from physical measurement. Note that parallel does not
mean formal identity.
A feature of this work, which may not be received with favor by psychometricians, is an emphasis on algebraic structures almost to the exclusion of
probabilistic or statistical features. Although in principle both structure and
randomness are essential parts of the same package, so far the attempts to deal
with them in a unified manner have not been very successful. True, the past
decade has seen some significant progress that is encouraging, yet the most successful research seems, so far, to have focussed on one of them alone. The most
recent developments are spear headed by Karabatsos (submitted) and entail
Bayesian inferences applied directly to algebraic axioms. Psychometricians are
highly familiar with what can be done with statistical modeling, and in part for
that reason and in part because I find structural questions rather more to my
taste, structure is what I address here to the great neglect of randomness.
Because it is well understood, I first discuss classical physical measurement
which sets the framework for measurement studies in the social and behavioral
sciences. I would be remiss not to mention that very recently attempts are
being made to use quantum formalism. There was such a talk by Jerome Busemeyer about applications to psychophysics at the 2004 meetings of the Society
for Mathematical Psychology and one by V. I. Danilov and A. Lamber Mogiliansky about applications to decision making at the 2004 European Mathematical
Psychology Group.

1. Aspects of Physical Measurement
All measurement begins with qualitative attributes, with properties of entities that can be varied either naturally or by agents. Think of the velocity of an
object or a fluid under pressure, the temperature of a body, etc. Much of the
foundations of classical physical measurement focuses on the trade-oﬀs among
such attributes, usually summarized as numerical variables.
Consider blobs of materials being compared using an equal-arm pan balance
in a vacuum, or an equivalent thereof. This provides a way to study the nature
of the property called mass. The qualitative ordering, denoted %, according
to mass is defined as follows: if a and b denote two distinct blobs of material,
then a % b means that when we place a and b on the pans of an equal-arm
pan balance (in a vacuum), then either the balance stays level or the a−pan
drops1 . Further, let a ◦ b denote the blobs a and b both being together on one
1 If

either the arms of the balance are unequal or if the fulcrum exhibits noticeable friction,
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pan.2 Then one of the elementary features of physical measurement is that ◦
has certain testable properties — monotonicity, commutativity, and associativity
— that under reasonable structural assumptions imply the existence of a real
valued, non-negative measure m that preserves the order of greater mass, %,
and is additive over ◦, i.e.
a%b
iﬀ
m(a) ≥ m(b).
m(a ◦ b) = m(a) + m(b).

(1)
(2)

Moreover, the representation is unique up to similarity transformations, i.e., the
representations form a ratio scale.
In addition to concatenation, one has a so-called conjoint structure relating
mass to the volume and an aspect of the particular material involved called its
density. These structures are shown in Table 1 along with the usual algebraic
formulas involved.
Insert Table 1 about here
Separate axiomatizations of each of these measurement procedures % over
V × S and % and ◦ over M = V × S yield independent measures of mass. Although the practice of pan-balance mass measurement evolved over many centuries, the formal theory justifying additive measures over ◦ was only accomplished a little over a century ago by Hölder (1901) elaborating earlier work of
Helmholtz (1877). For even longer, a measure such as density was viewed as
not axiomatized but as “derived” measurement. It was formally axiomatized
by Debreu (1960) in a topological setting and by Luce and Tukey (1964) in a
more general algebraic one. Each axiomatization yields its own measure of mass
and, so far, these are linked only by the fact that they are both order preserving. To prove that the same measure can be used for both representations, one
must add some sort of linking law — a form of distribution somewhat paralleling
arithmetic distribution, (x + y)z = xz + yz. Links of this kind are illustrated
below in the behavioral examples.
Of course, there are interesting interplays between a property such as mass
and variables such as velocity and momentum or kinetic energy. These lead to
the basic physical laws that underlie the classical scheme of physical units.
A number of variables such as length, velocity (in classical physics), and time
are formally similar to mass measurement in that they have a concatenation operation ◦ and a qualitative ordering % and that satisfy the same fundamental
qualitative laws and so have an order preserving, additive representation. Voltage, amperage, and resistance are still another example.
An example that is a bit more complex than the mass one is relativistic
the model changes from a weak order to a semiorder (Marc Le Menestrel at the EMPG
meetings).
2 A bit of caution is needed in choosing the substances involved so as to avoid explosions
or fires.
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velocity where the conjoint and concatenation expressions are, respectively,
v
u◦v

= d/t,
u+v
,
=
1 + uv
c2

(3)
(4)

where d is distance traveled in time t and u ◦ v is velocity concatenation of
frames of reference with uniform velocities u and v as measured by the same
observer using the ratio of measured distance to measured time elapsed. The
constant c is the velocity of light measured in same units.
Note that this says four things: (i) The same velocity measure v is used in
both the concatenation and conjoint cases. This has to be justified by some form
of linkage. (ii) Velocity concatenation is non-additive over ◦; however, there is
a non-linear transformation of (4) that is additive and is called “rapidity”. We
will encounter something somewhat analogous in some behavioral measurement.
(iii) The velocity of light, c, is a constant with units of velocity. (iv) The velocity
and rapidity measures, despite being non-linearly related, are each ratio scales.
That uniqueness for velocity stems from properties of conjoint measurement
coupled with the law linking that structure to the concatenation one, whereas
the ratio character of rapidity stems from properties of the concatenation by
itself.
A somewhat similar example is a fluid for which variables such as pressure,
density, and temperature play a role, and certain constants exist such as viscosity
and the Reynolds’ number that are part of the formulation of the Navier-Stokes
equations governing the temporal unfolding — the dynamic properties — of a
fluid. Here diﬀerential equations are essential.
Other physical laws involve combinations of variables that, in classical physics,
satisfy invariance principles embodied in dimensionally invariant laws. I do not
go into this interesting, but complex, topic here (see Krantz, Luce, Suppes,
Tversky, 1971, Ch. 10; Luce, Krantz, Suppes, & Tversky, 1990, Ch. 22; Narens,
2002).
A number of dimensional numbers known as physical constants have arisen
in these physical formulations, and they come in at least two varieties. The
first variety are the constants associated with specific objects. For homogenous
solids, one thinks immediately of the rest mass and the elastic (Hooke’s) constant
of a solid object. At the same time, a homogeneous solid has a density, which
is a property of the particular substance composing the solid that is simply
related to the mass and volume. For fluids, density and viscosity are typical
dimensional constants unique to the fluid in question.
A second class of constants, of which the velocity of light is an example, are
called universal constants. They are “universal” in the sense of not being different in diﬀerent contexts. In addition to light, one has Newton’s gravitational
constant, Planck’s constant, etc. These are exceedingly important, and many
philosophers of physics have speculated a good deal about them, in particular
why their numerical values are what they are.
And there are problematic classes of constant-like attributes of which hardness is a prototypical example. Its operational definition for solids is which of
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two materials scratches the other one. How does this constant relate to other
physical measures? Certain ad hoc formulas exist, but no really systematic
theory of hardness has to my knowledge ever been developed despite its ubiquitousness and importance.

2. Are There Behavioral Analogues?
We are all quite willing to admit that the behavioral sciences do not yet have
anything as nearly as well developed as the scheme of physical measures, but we
do have some forms of measurement. The question to be considered here is: In
what respect do some of these behavioral examples resemble physical variables
and constants and trade-oﬀ laws? A closely related question, to which I give less
attention, is exactly how physical and behavioral measurement diﬀer. I think
that I am safe in saying that we do not, at least so far, have any clear analogues
of universal constants. But I also think that we have putative variables and
constants of behavioral entities, and I discuss two of these.
Consider people as entities — albeit complex ones who certainly cannot be
thought of as composed of anything homogeneous. Of course, there are natural
physical measures and, at least, momentary body constants associated with
individuals: weight, height, and skin, eye, and hair color, etc. But we, as
psychologists, are not greatly interested in these measures (except, perhaps,
personally, as when on a diet), but rather in behavioral attributes and constants.
Perhaps the most immediate are measures of abilities including some concept
of general or specific abilities and traits. And one likes to think that these are
related to other variables such as which questions are answered correctly in a
standardized test, the speed with which they are answered, etc. One underlying
intuition is that a measure of ability might be a constant, at least over some
extended time period, that is associated with the individual and that, in some
sense, links question diﬃculty to the likelihood of a correct response. And, as
psychometricians are all very well aware, a number of well developed statistical
theories, such as item response theory, have been proposed as governing ability
comparisons among people. Society is currently very dependent upon such
measures, and they do underlie what is arguably the most successful technology
to arise from psychological research, although I suspect that that distinction
may soon be challenged by computer-based teaching programs. But to my
knowledge there is not yet any real structural analysis of ability, of how it
relates in other than a correlational sense to other behavioral measures, such as
to simple reaction times. It seems to me that the measurement of abilities and
intelligence is currently far more analogous to hardness than it is to the mass
of an object. One can no more combine the ability of two people to obtain the
ability of the pair than one can combine the hardness of a blob of steel and of
a blob of copper.
So where are there analogies to physical measurement?
I contend that some may lie in those human attributes that have long been
studied in visual and auditory psychophysics, such as brightness and loudness or
chroma and pitch, and at an interface of psychology and economics that centers
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on preferences among uncertain alternatives and that leads to theories of utility.
Typically these are variables that are fairly easily manipulated, usually in a
reversible way.3 These are very diﬀerent from some other personal variables that
cannot be changed rapidly in an experimental setting. Hunger is a prototypical
example, and there is no really satisfactory measurement theory for or even
good ad hoc measures of hunger, just crude indices such as hours of deprivation
or percent of normal body weight. Hunger is not a variable that we know how
to increase or decrease very rapidly — in seconds or 10s of milliseconds rather
than hours — and so fairly direct comparison of states of hunger is infeasible.
Table 2 outlines my crude overall taxonomy showing some of the types of
measurement with which we are faced in the physical and behavioral sciences.
My topics discussed below center on the two topics in boxes. There are, of
course, a good many diﬀerent approaches to the manipulable variables but, as
may be understandable, I will focus on some of my contributions.
Insert Table 2 about here

3. Utility Theories
For over half a century the approach to utility theory has been based on two
classes of primitives. One can be called the domain of the theory that in one
way or another models our intuitions about what constitute certain, risky, and
uncertain situations. The latter are often called “gambles.” Other terms that
have been used are “act” (Savage, 1954) and “prospect” (Kahneman & Tversky,
1979). For risky alternatives, that is, those with known probabilities attached to
the underlying chance events and as well as with money consequences, are called
“lotteries.” The other primitive, which is where the behavior enters, are patterns
of the choices of an individual among sets of gambles and certain consequences.
These patterns are formulated as mathematical axioms.

Formalizing The Primitives
State spaces: For the most part, economists and statisticians have assumed that
the domain can be modeled as a huge “state” space that enumerates all of the
states of nature that can possibly occur in the time frame under consideration,
and that uncertain alternatives are mappings (acts) from the state space into
consequences4 with the image of the mappings having only finitely many values
(Savage, 1954). The lingo is that uncertain alternatives or acts are maps with
finite support. If lotteries are involved, then the domain is often taken to be
random variables.
Local gambles: In contrast, psychologists (and economists when they present
specific examples) take an approach that says we choose among local gambles,
3 Of course, some care is needed, now enforced in the U.S. by university IRBs, not to
endanger the sense organs by using overly intense signals.
4 Many speak of these as “outcomes” of the gamble. I shun that usage because, in probablity
theory, the term outcome refers to which state arises in the chance experiment underlying the
gamble, not to some consequence that is attached to the event occuring. The double use can
be ambigous.
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such as the ones that we know how to construct readily in a laboratory. A
typical laboratory example of local uncertainty is an opaque urn with thoroughly
mixed colored balls and an assignments of consequences to the color drawn. The
experimenter can vary the information given to the respondent about the color
composition of the urn, anywhere from pure risk in which the number of balls
of each color is provided to pure uncertainty where no information is provided
beyond the number of distinct colors involved. If we think of the partition of
the balls by color, then let Ci denote the event of drawing a ball of color i and
let xi be the consequence assigned to that color. We speak of the pair (xi , Ci )
as the ith branch of the entire gamble based on n diﬀerent colors, and denote
the whole gamble, i.e., n-tuple of branches, by:
(x1 , C1 ; x2 , C2 ; ...; xi , Ci ; ...; xn , Cn ).
The set {C1 , C2 , ..., Ci , ..., Cn } is a partition, denoted Cn , of the “universal set”
[n
C(n) =
Ci .
i=1
More serious situations are also thought of locally. For example, the important issues surrounding buying insurance on a house and its contents are usually
formulated as a local gamble, although few of us call it that.
Preference order and certainty equivalents: The respondent is assumed to have
a preference order among the gambles that is revealed by their choices. If f and
g are two gambles, not necessarily based on the same underlying “experiment”
such as a draw from a well mixed urn, then the statement that f is at least
as preferred as g is abbreviated as f % g. This notation extends to comparing
certain consequences to each other and to gambles.
Indeed, I will assume that for any gamble f there is a certain consequence,
i.e., neither risky nor uncertain, called the certainty equivalent of f and denoted
CE(f ) such that it and f are indiﬀerent. It is written CE(f ) ∼ f, where ∼
denotes indiﬀerence, i.e., f ∼ g holds whenever both f % g and g % f.
Here I, and many others, make the sharp idealization that CE(f ) is a fixed,
not a random quantity. In experimental practice, as would be expected, CE(f )
is better described as a random “certain” consequence rather than as a unique
certain consequence. In practice we often select for CE(f ) one of the observed
matches, such as the median of the judgments.
Ranked gambles: The indices of the branches can be arbitrary or they can
be ranked in some fashion. Suppose that the indices of a gamble are ranked
from best to worst consequence, i.e., so that x1 % x2 % ... % xn , and then
→
−
C n = {C1 , C2 , ..., Cn } is the corresponding vector partition of the “universal
event” of the underlying chance “experiment.” The gamble is then denoted:
− = (x1 , C1 ; x2 , C2 ; ...; xn , Cn ),
f→
C
n

(5)

In such cases, we speak of the resulting theories as ranked. Such rankings are
sometimes very useful in formulating the resulting numerical representation (see
“Ranked weighted utility” below).
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The structure that the experimenter can manipulate is the gambles presented to the respondent. For the urn example, these manipulations can include changes of consequences for the same urn as well as varying the numbers
of colors in urns.
Three types of potential trade-oﬀs can be manipulated and studied by collecting the choices of a respondent. These trade-oﬀs are: consequences versus
consequences, consequences versus events, and events versus events. And these
become the source of measuring both the utility of certain consequences and of
gambles, and also lead to some variety of subjective weights, sometimes subjective probabilities, for the events.
No change from the status quo: Another important primitive, often shunned
by economic theoreticians, is a special consequence that partitions the certain
consequences and the gambles into perceived gains and losses (Kahneman &
Tversky, 1979). The dividing line may be called “no change from the status
quo" and I denote by e. Some call it a “reference point.” Economists try to
avoid this distinction by saying that the domain of consequences is not gains
and losses, but rather final total wealth; however, almost always their specific
examples involve explicit gains and losses. Psychologists take the attitude that
every-day concepts such as reference points cannot be avoided, and that the role
of total wealth should be incorporated much more indirectly into the theories.

Basic Underlying Assumptions
Everyone begins with some structural assumptions — that the domain of
choices must, in some sense, be very rich — and with some preference assumptions. Among the latter, the following two are most important.
Transitivity: This refers to the property that if f % g and g % h, then f % h.
In an ingenious experiment, which pit small increases in consequences against
small decreases in likelihood in such a way that preferences between successive
changes seemed to go in one direction but when the extreme pairs are compared
the direction seems to change. Tversky (1969) collected data and argued that violations of transitivity were observed and that a better model is a lexicographic
semiorder. Replications of the experiment and analysis confirmed that conclusion, which has been widely accepted among cognitive psychologists. His data
analysis was flawed as was pointed out by Iverson and Falmagne (1985). They
did a better reanalysis and concluded that Tversky’s conclusion of behavioral
intransitivity was true for at most one of the 8 respondents. Recently, however, that conclusion has also been challenged and Tversky’s original position
accepted. This analysis is based on a new Bayesian analysis that pits the concept of a lexicographic semiorder against a weak order. They find that except
for one respondent, the lexicographic semiorder model fit the data substantially
better than a weak order (Iverson, Myung, & Karabatsos, submitted; see also
Myung, Karabatsos, & Iverson, submitted).
This finding is somewhat disturbing because almost all of the theory that
has been developed assumes transitivity. Many of us have concluded that it
may be wise to avoid direct choices between gambles in testing the theories.
For example, if we assume that more money is preferred to less, then the use of
9

monetary certainty equivalents insures transitivity. I assume transitivity holds
here.
Co-monotonicity: Suppose that the ith branch (xi , Ci ) of a gamble f is replaced
by (x0i , Ci ) but everything else is unchanged, including the ranking among certain consequences, i.e., xi−1 % x0i % xi+1 . Call the resulting gamble f 0 . We
assume that
x0i % xi iﬀ f 0 % f,
which is called co-monotonicity. For the most part, this property is sustained empirically, at least for gains, with one notable exception discovered by M. H. Birnbaum (summarized by Birnbaum, 1997, and the earlier studies cited there). The
exception seems to occur when n = 2 and x2 = e is replaced by an x02 that is
not too large. For example, if JCE denotes some form of judged certainty
equivalent (he has used several diﬀerent ones)
JCE($96, .90; 0, .10) > JCE($96, .90; 15, .10).
Birnbaum has repeatedly found violations of monotonicity provided that the
following conditions hold:
• The comparison is made using some version of certainty equivalents.
• The value of x1 is “large” compared to that of x02 .
• The probability of x1 occurring exceeds about .85.
For a Bayesian reanalysis, see Karabatsos (submitted).
One suspects that this may have something to do with a change of strategy on
the part of some respondents. It is comparatively easy to estimate mentally the
expected value of (x1 , p; 0, 1−p), namely, x1 p, whereas evaluating (x1 , p; x2 , 1−p)
may well not be based on an accurate mental estimate of expected value. See
Luce (2003) for an attempt to deal axiomatically with this phenomenon.
Additive cancellation properties: The conditions called (ranked) additive cancellation are well known from the literature on additive conjoint measurement
theory and I will not detail them. One important one is triple cancellation when
the ranking properties are maintained (Wakker, 1991). Again, see Karabatsos
(submitted) for analyses favoring double and triple cancellation.
Idempotence: We assume here the property
e ∼ (e, C1 ; e, C2 ; ...; e, Cn ),

(6)

which is called e−idempotence. Stated another way,
CE(e, C1 ; e, C2 ; ...; e, Cn ) = e.
e−idempotence can be interpreted as saying that gambling, per se, has no inherent utility. This is the first example of what I call an accounting indiﬀerence
(Luce, 1990). If (6) holds when e is replaced by any x, the property is simply
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called idempotence. It is a property of almost all of the major theories of utility,
although judging by recent meetings that I have attended interest is growing
in theories that do not suppose it. When e−idempotence is dropped one has
the opportunity to encompass the concept of the utility of gambling, that is
U (e, C1 ; e, C2 ; ...; e, Cn ) 6= 0. See Luce and Marley (2000) for more on the topic
including some references. Perhaps the first person to have systematically considered what amount to failures of e−idempotence is the little known article of
Meginniss (1976) (see below).
Certainty: We assume that if there is no uncertainty about the consequence,
then
(x, C; y, ∅) ∼ x.
(7)
This property is called certainty and is another, but not controversial, accounting indiﬀerence.

Several Specific Representations
Ranked additive utility (RAU): I begin with a fairly general additive representation, namely, that there exists a real valued, order preserving function U over
gambles (and certain consequences) onto a non-negative real interval such that
→
−
U (e) = 0, and functions L(i) (Z, C n ), where Z is in the image of U, i = 1, ..., n,
(i)
−
with L→
given by
− (0) = 0 that are strictly increasing in Z such that, for f→
C
Cn

n

(5), and f := (x1 , C1 ; ...; xi , Ci ; ...; xn , Cn )
U (f ) =

n
X

→
−
L(i) (U (xi ), C n )

(8)

i=1

is order preserving. A portion of the literature takes this as a starting point and
considers various properties that restrict it in interesting ways. Three recent
examples are given below that are due, primarily, to Luce and Marley (2004).
A major open issue is to axiomatize the representation (8). Given a utility
function U , which will exist under the usual weak conditions, then one can invoke
Wakker’s (1991) axiomatization of ranked-additive conjoint measurement to get
a ranked representation of the form
n
³
→ ´ X ³
−
→ ´
−
L U (x1 , C1 ; · · · ; xi , Ci ; · · · ; xn , Cn ), C n =
Li U (xi ), C n .
i=1

For the unranked case, see Krantz, Luce, Suppes, and Tversky (1971). So the
→
−
problem is to find a condition that is necessary and suﬃcient for L(·, C n ) to be
→
−
the identity function for all C n .
Ranked weighted utility (RWU): This is the form of (8) that says that utility and
weighting of events are orthogonal concepts, i.e., for some functions Si defined
over ordered event partitions and mapping into [0, 1] we have
³−
→ ´
→
−
Li (Z, C n ) = ZSi C n ,
11

and so
U (f→
− ) =
C
n

n
X
i=1

³−
→ ´
U (xi )Si C n .

(9)

³−
Pn
→ ´
Under RWU, idempotence holds iﬀ i=1 Si C n = 1.
It turns out that a simple property insures this form. Suppose x1 % x2 %
x3 % e. Let (C1 , C2 , C3 ) and (D1 , D2 ) be two independently run experiments
where, as in probability theory, the concept of independent is informal. Consider running C3 before D2 and also running them in the order D2 before C3 ,
with xi , i = 1, 2, 3, being the consequence if Ci occurs whenever D1 does and
otherwise the consequence is e. Event commutativity is the assertion that the
two compound gambles are indiﬀerent independent of the order run. See Fig. 1.
→
−
→
−
The generalization to C n and D m is obvious.
Insert Fig. 1 about here
Theorem: (Luce & Marley, 2004). Over general gambles, the following
statements are equivalent:
1. RAU, (8), and event commutativity hold.
2. RWU, (9), holds.
Event commutativity is an important example of an accounting indiﬀerence,
which means only that two formulations of an uncertain alternative are indiﬀerent if the same consequences arise under the same conditions. Of course, from an
empirical perspective it becomes a question whether, in fact, respondents recognize the indiﬀerence of the two formulations of the same gamble. The limited
data that exist tend to support event commutativity (Luce, 2000). However, in
some examples, such as a two-legged airplane trip, such event commutativity is
meaningless.
Do accounting indiﬀerences have a physical counterpart? They strike me as
a type of conservation law for preference: the perceived worth of a gamble to a
person does not change under the particular changes in its formulation on the
two sides of an indiﬀerence. For the most part, decision theorists, especially
those coming from economics and statistics, have shunned such accounting indiﬀerences. Or, more accurately, they have automatically built them all in,
without much comment, by the way that they have formulated the domain of
gambles. For example, if the situation is one of risk they model the domain as a
set of random variables. But reduction of compound lotteries to first-order ones
is automatic for random variables. Savage’s (1954) formulation at the level of
first-order acts amounts to the same thing.
Rank dependent utility (RDU): The class of RDU models has been on center
stage for 20 years for those interested in utility theory. Quiggin (1982) originated a special case of it and wrote a summary book on it for the risky context
(Quiggin, 1993), Gilboa (1987) and Schmeidler (1989) generalized it to uncertain
events, where it is often called Choquet expected utility, and Tversky and Kahneman (1992) invoked it in their extension, and improvement, of their famous
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prospect theory (Kahneman & Tversky, 1979) to gambles with more than two
gains. This they called cumulative prospect theory. Fishburn and Luce (1991,
1995) and (Luce, 2000) used the term “rank-dependent utility” and studied it
fairly intensively in conjunction with the existence of a binary operation; see
the subsection “Joint Receipts” below.
RDU says that if W is the function that arises in the idempotent binary case
of RWU, i.e.,
U (x, C; y, D) = U (x)WC∪D (C) + U (y)[1 − WC∪D (C)] (x % y),
and if we define C(i) :=
as:

i
[

(10)

Cj , then the weights in the general case are expressed

j=1

→
−
Si ( C n ) = WC(n) (C(i)) − WC(n) (C(i − 1)) .

(11)

That is to say, the weight assigned to the ith consequence can be thought of as
the incremental eﬀect of adding Ci to the union of the prior events, C(i − 1).
Expressions of the form (11) were called capacities by Choquet (1953) but increasingly they are called Choquet weights or measures. Note that by certainty,
(7), WC (C) = 1. RDU is defined to be RWU with the weights given by (11).
Again, a simple accounting indiﬀerence underlies RDU, which is known —
for reasons that soon will become apparent — both as coalescing (Luce, 1998)
and as event splitting (Starmer & Sudgen, 1993). Consider the special case of
a general gamble in which the same consequence x is assigned to both of the
events Ci and Ci+1 . The assertion is that in this case it is immaterial whether
the gamble is presented with (x, Ci ) and (x, Ci+1 ) as distinct branches or with
(x, Ci ∪ Ci+1 ) as a single branch:
(x1 , C1 ; x2 , C2 ; ...; x, Ci ; x, Ci+1 ; ...; xn , Cn )
∼ (x1 , C1 ; x2 , C2 ; ...; x, Ci ∪ Ci+1 ; ...; xn , Cn ).

(12)

It is obvious that this too is an accounting indiﬀerence. See Fig. 2.
Insert Fig. 2 here
Theorem: (Luce & Marley, 2004). Over general gambles of gains and
assuming certainty, (7), the following are equivalent:
1. RWU, (9), and coalescing, (12), hold.
2. RDU holds.
In this case idempotence holds because, by repeated applications of (12) and
then using the certainty property,
(x, C1 ; x, C2 ; ...; x, Ci ; ...; x, Cn ) ∼ (x, C(n); x, ∅) ∼ x
One sees that going from the left side to the right in (12) the reduction by
coalescing is very natural and unique. But going from the right side to the left is
far more ambiguous because there are very many ways to partition a given event
C into two subevents. This direction in (12) invites the term “event splitting.”
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Birnbaum (1999) has provided what amounts to a recipe for examples where
subjects violate stochastic dominance when gambles are coalesced but not when
they are partitioned appropriately. For example, we consider first the more finely
partitioned gambles. Using his mode of presentation in which probabilities lie
above their corresponding consequences a pair of lotteries might be
g∼

.85 .05 .05 .05
.85 .05 .05 .05
, h∼
.
96 96 14 12
96 90 12 12

Clearly, g dominates h. And of his sample of 100 undergraduates, 85 chose g
over h. Now coalesce these lotteries to
g0 =

.90 .05 .05
.85 .05 .10
, h0 =
.
96 14 12
96 90 12

In this form 70 of 100 undergraduates chose h0 over g 0 .
Thus, we have the (group) non-transitivity:
g 0 ∼ g Â h ∼ h0 Â g 0 .
Put another way, when the respondents confronted g 0 and h0 apparently most
simply did not see the particular event splitting that leads to rendering the
dominance transparent.
In addition, Birnbaum and others have presented a number of properties
where RDU, and so cumulative prospect theory, fares very poorly. Marley and
Luce (submitted, 2004) have given formal definitions of 23 of these properties
and explored exactly how they fare under 4 diﬀerent models: RWU, RDU, GDU
(see below), and TAX, which is a particular way that Birnbaum favors writing
RWU (Marley & Luce, submitted, 2004, have shown that they are equivalent).
Table 3 summarizes how RDU fares on those properties where RDU either forces
the property always to hold or implies that it can never hold. Of the 12 cases for
which RDU predicts the property must hold, the data agree with the prediction
in 3 of them, disagrees in 6, and the other 3 have not been studied empirically.
However, the 3 cases of agreement tell us nothing much about RDU because,
in fact, all RWU models predict the same thing. A 50% (or 67%, depending
on whether one counts the 3 successes) failure rate for predictions strikes me as
rather unambiguous evidence against the theory. That coupled with the easily
demonstrated failures of stochastic dominance convince me that RDU is just
not an adequate descriptive theory. Few theorists have so far been ready to
accept this conclusion, but recall that it took us a while to accept the earlier
implications of data showing violations of subjective expected utility. But in
my opinion, the defeat is just as clear cut.
Insert Table 3 about here

Gains decomposition utility (GDU): This representation is the special case of
RWU that satisfies the following accounting indiﬀerence (first stated for probabilities by Liu, 1995, although it is used implicitly by Meginniss, 1976). Again,
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I state the property in a simple example, and the generalizations are fairly
obvious. Consider a general trinary, ranked gamble
g3 := (x1 , C1 ; x2 , C2 ; x, C3 ),
and also the subgamble that treats branches 1 and 2 as a gamble.
g2 := (x1 , C1 ; x2 , C2 ).
The property of lower gains decomposition (for gambles with 3 branches) is the
assertion
g3 ∼ (g2 , C1 ∪ C2 ; x3 , C3 ),
(13)
which says that the original gamble, on the left, is indiﬀerent to the compound
binary pair on the right. Again, this is an accounting indiﬀerence. From this,
an explicit formula can be derived for the weights of the utility representation
in terms of the weights using the binary RDU form, (10), that is equivalent
to both RWU and gains decomposition holding. I won’t trouble you with that
formula except to say that the resulting representation is called (lower) gains
decomposition utility (GDU). Lower GDU implies lower gains decomposition.
Theorem: (Luce & Marley, 2004; Marley & Luce, 2001). Suppose that
RWU, (9), holds for gains. Then any two of the following assertions implies the
third:
1. RDU holds.
2. GDU holds.
3. The choice property of Luce (1959) holds: for events C ⊆ D ⊆ E
WE (C) = WD (C)WE (D).
Liu (1995) basically used 2 and 3 to axiomatize RDU for risk and Luce (2000)
did the parallel thing for uncertain gambles.
Suppose that we generalize the concept of lower gains decomposition from
partitioning on the least valued consequence to doing so on any branch (xi , Ci ).
We have shown that if it holds in gambles of size n = 3 for i = 1, 2, 3, then in
addition to the choice property we find that the weights WE are finitely additive,
i.e.,
→
−
Si ( C n ) = WC(n) (C(i)) − WC(n) (C(i − 1))
= WC(n) (Ci ∪ C(i − 1)) − WC(n) (C(i − 1))
¢
¡
= WC(n) Ci ) + WC(n) C(i − 1) − WC(n) (C(i − 1))
= WC(n) (Ci ),
and so are probabilities. The choice property with finite additivity means that
one can add or subtract events, and so gambles, without disturbing what remains.
The study of Marley and Luce (2004) shows that GDU fares quite well on
the various properties rejecting RDU, but no systematic attack on GDU has yet
been mounted.
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Subjective expected utility (SEU): The SEU representation arises from RDU
when the weights are finitely additive. That is, the weight for branch i depends
only on Ci , not on the rest of the event partition. So the rank dependence
actually vanishes.
SEU was first formally axiomatized by Savage (1954) although variants on
that axiomatization were imbedded in highly innovative work, written in 1926,
of the young philosopher but was not published until the posthumous volume
Ramsey (1931).
Although we do not yet know an accounting indiﬀerence that when added
to RDU yields SEU, we do know that coupling RDU and all forms of GDU we
get SEU along with the choice property.
This fact is important in understanding Savage’s result. By formulating
the decision problem as mappings from a huge state space (Cartesian product
of particular event partitions) to consequences, one builds in the entire set of
accounting indiﬀerences. Thus, once one has enough monotonicity and cancellation properties to get the ranked additive form (conjoint measurement) SEU
follows automatically. This fact is far from apparent in Savage’s proof.
Likewise, if one is treating lotteries as random variables, which is commonly
done, then as mentioned above the accounting indiﬀerences follow automatically
as reduction of compound gambles.
This makes clear that if one wishes to avoid the descriptively inadequate
SEU or RDU, one had better shun the state space formulation. Utility theorists
seem, for the most part, not yet to appreciate this point.
There is another way to describe the situation. The conceptual emphasis
should be placed on the structure of the space of uncertain alternatives (gambles), not primarily on either the space of consequences or on a state space.
For reasons that I have never fully understood, a number of utility theorists exhibit a form of puritanism or, if you will, conservatism that rejects any form of
compound gambles such as is involved in event commutativity and gains decomposition. A further example of such puritanism lies in shunning the ubiquitous
phenomena of considering more than one uncertain alternative at a time, which
I take up after the following item.
Utility of Gambling: Although von Neumann and Morgenstern (1947) explicitly
mentioned this issue (as diﬃcult to formulate within their framework), it has
received little theoretical attention. Luce & Marley (2000) give some of the relevant references, as well as some theory, but we missed what is perhaps the most
interesting paper, a newly rediscovered one that was brought to our attention by
János Aczél: Meginniss (1976). He dropped the assumption of e-idempotence,
(6), and he implicitly invoked (upper) gains decomposition. Because he did
not impose a ranking constraint, there are no distinctions among the types of
gains decomposition. Under a very restrictive form of RAU, namely that in
→
−
(8), L(i) (Z, C n ) = L(Z, Ci ), where L is independent of i and the only relevant
event is Ci . His axiomatization resulted in two possible representations for risky
gambles with a probability distribution P . One is:
U (fP ) = EU (fP ) + aH(P ),
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where EU is the expected utility of fP and H(P ) is Shannon’s entropy of the
distribution P . The second one is
Ã
!
n
X
c
U (fP ) = EUP c (fP ) + a 1 −
pi ,
i=1

where EUpc is the expected utility relative to the weights pc , c 6= 1. The term
Xn
1−
pc has been called entropy of degree c by Aczél and Daróczy (1975,
i=1 i
p. 189-191). Research is on-going concerning what happens when Meginniss’
assumptions are weakened in natural ways.

Joint Receipts
Given consequences x and y and gambles f and g, one can ask questions
about their joint evaluation by a decision maker. Let f ⊕ g mean the receipt of
both f and g, x ⊕ y the receipt of both consequences x and y, and x ⊕ f that
of consequence x and gamble f . These are called joint receipts.
One encounters joint receipts whenever one purchases goods in a store or
buys a portfolio of stocks. In traditional economics this has been modeled in
the form of commodity bundles that are treated as a vector of amounts of the
various goods. These vectors are, in practice, very sparse indeed. The vector
corresponding to a large grocery store has many thousands of distinct item
types, yet the usual bundle of an individual shopper has only tens of non-zero
entries. So it has seemed to me that we may be better oﬀ treating joint receipt
as an operation, somewhat akin to placing two (or more) masses on a pan of a
pan balance, rather than as a vector. And, of course, this invites a somewhat
diﬀerent mathematical analysis: abstract algebra rather than vector algebra.
At the level of representations, the question is: If we know, for example,
U (f ) and U (g), how does U (f ⊕ g) relate to them? I assume, with some loss of
generality, that there is a function F such that
U (f ⊕ g) = F (U (f ), U (g)).
This is often called a decomposability assumption. The problem is to characterize
F beyond its being strictly monotonically increasing in each variable.
I provide here a sample of results using the very popular RDU theory of the
1980s and 90s and combining it with joint receipt as I did in my monograph
(Luce, 2000, Chs. 4-7). There are two classes of assumptions. One has to do
with just ⊕ and % separately, much in analogy to ◦ and % in the case of mass
measurement. Indeed, let us make the very same assumptions, namely, that
⊕ is strictly monotonic increasing in each argument, ⊕ is commutative and
associative, and e is the identity of ⊕. Formally
x % x0 iﬀ x ⊕ y % x0 ⊕ y
x ⊕ y ∼ y ⊕ x,
(x ⊕ y) ⊕ z ∼ x ⊕ (y ⊕ z),
e ⊕ x ∼ x.
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(x Â e, x0 Â e),

Under well known structural assumptions, this implies the existence of an additive numerical representation V with the following properties:
f % g iﬀ V (f ) ≥ V (g),
V (f ⊕ g) = V (f ) + V (g),
V (e) = 0.
It should be mentioned that a recent article by Wu and Markle (submitted, 2004)
strongly suggests that in the interesting domain of mixed gains and losses, joint
receipt may very well not exhibit monotonicity. Mixed consequences form a
very rich and important area of research that has been neglected too much.
We have absolutely no reason at this point to suppose that the representation
V and the representation U from the study of gambles are the same. The only
relation between them so far is that each measure preserves the same ordering %
and that, therefore, there is some function ϕ from R to R such that U = ϕ(V ).
Thus one issue is to characterize ϕ.
To do that, we need a link between gambles and joint receipt. Limiting ourselves to gains, one link that I have probed is called segregation. It was invoked
informally as part of a so-called “editing” phase of evaluation by Kahneman
and Tversky (1979) in their widely acclaimed5 prospect theory. Segregation in
the simplest case says
(x, C; e, D) ⊕ y ∼ (x ⊕ y, C; e ⊕ y) ∼ (x ⊕ y, C; y).
Note that segregation is another accounting indiﬀerence. From segregation and
RDU, drawing on work of Luce (1991), Luce and Fishburn (1991, 1995), using
functional equation techniques, one can show that there exists a constant δ with
dimension that of 1/U such that
U (f ⊕ g) = U (f ) + U (g) + δU (f )U (g).
This form has come to be called p-additive, where p stands for “polynomial”.
This is because it is a polynomial form that under the transformation V =
sgn(δ) ln (1 + δU ) yields the additive representation V (f ⊕ g) = V (f ) + V (g).
This resembles the relation between relativistic velocity and the additive rapidity
relation, including the fact that both U and V are ratio scales — but for diﬀerent
reasons.
Birnbaum’s work on the non-monotonicity of binary gambles when one of
the consequences goes to e, suggest that we should by-pass e in the segregation
indiﬀerence and study the case of distribution
(x, C; y, D) ⊕ z ∼ (x ⊕ z, C; y ⊕ z) (x % y Â e, z % e).
I do this in a recently published article (Luce, 2003), but in the interest of giving
a related but diﬀerent example, I forego summarizing these results.
5 I say “widely acclaimed” because Kahneman received the Nobel prize in economics in
2002, and prospect theory and related empirical studies were a major factor underlying the
award. Unfortunately, Tversky died before the award was made, and it is given only to the
living.
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4. Global Psychophysics
Consider a qualitative attribute such as the loudness of pure tones as affected by signal intensity6 . Global psychophysics is the attempt to understand
the overall nature of perceived loudness throughout the full range of intensities.
Other forms of perceived intensity are also candidates for the theory. In contrast, local psychophysics attempts to understand very local relations of signals
that are so close together that they tend to be confused. As a rule of thumb in
audition, it is local if the range of compared signals is less than 5dB and global
otherwise. A detection experiment is a typical local case whereas absolute identification and magnitude estimation (Stevens, 1975) studies with a wide range
of intensities are typical global ones. Indeed, the vast amount of theoretical
work focuses on local phenomena.
Some of the questions addressed in such global work are:
1. Is there a numerical representation of loudness?
2. Assuming the answer to 1 is Yes, how does such a measure depend on various physically manipulable factors such as signal intensity and frequency.
3. How do the loudnesses for each of the two ears combine to produce an
overall sensation of binaural loudness?
4. What signal does a respondent say has a loudness corresponding to 3 times
or to 1/3 the loudness of a given signal?
Such topics have received a good deal of empirical attention in audition
and in other senses, such as brightness and heaviness. There is also a sizable
theoretical literature focused on describing how the data are interrelated. Here I
give a small sample based on loudness studies done jointly with my recent Ph. D.
Ragnar Steingrimsson (2002). Current work on brightness (based on pilot data,
personal communication, July, 2004) seem to be coming up with closely parallel
results.

Reinterpretation of the Primitives
Joint presentations to the two ears: The question I addressed recently in the
Psychological Review (Luce, 2002, 2004) is whether or not the concepts of gambles and joint receipt have fairly natural reinterpretations in psychophysics, in
which case the same, or closely related, mathematics can be invoked.
Let the physical intensity presented to the left ear be measured above the
threshold for the left ear. In particular, if xτ is the physical intensity of the
individual’s left threshold and x0 > xτ is the actual physical intensity presented
then we treat x := x0 − xτ as the stimulus. Note that this is not a decibel
diﬀerence, which corresponds to the intensity ratio x0 /xτ . For the right ear the
notation is parallel with u substituted for x. Then if x is presented to the left
6 The theory needs to be extended to treat frequency as well as intensity both as it aﬀects
loudness and as generating a concept of pitch. Once that is done, then it should be extended
further to deal with complex signals involving a spectrum of frequency-intensity pairs.
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ear and u to the right at the same time we are dealing with the stimulus pair
(x, u).
This resembles somewhat the joint receipt of x and u, but unlike the utility
case no direct meaning is assigned to a compound symbol such as ((x, u), v).
However, an indirect one can be given. Suppose that we find a signal intensity
zl = zl (x, u) in the left ear that can in some sense be considered equivalent to
(x, y), then the compound makes sense if it replaced by (zl , v). There are three
distinct ways that such matches can be established: in the left ear, in the right,
or in both symmetrically:
(x, u) ∼ (zl , 0) ∼ (0, zr ) ∼ (zs , zs ).

(14)

It is clear that zi depends on — is a function of — both x and u. Assuming strict
monotonicity in the variables, it is safe to treat this function as an operation,
so by definition
x ⊕l u := zl , x ⊕r u := zr , x ⊕s u := zs .
These form three analogues to joint receipt. For simplicity here, I focus mostly
on the symmetric case.
At first I was optimistic that, at least among young people, we might find
some for whom ⊕s is commutative and associative, in which case the mathematics would parallel utility theory. This entailed a search for people with
symmetric ears in the sense that
(x, u) ∼ (u, x).

(15)

But Steingrimsson and Luce (2004a) found only a small fraction of respondents
who seemed to be symmetric. Thus, I had to revisit the theory without assuming
commutativity. More on that later.
Subjective proportions: We now seek a formal analogue to gambles. The earlier
notation for binary gambles (x, C; y, D) can be modified in several ways leading
to a psychophysical interpretation. Suppose C ∪ D is the set of all possible
outcomes in an experiment, then it is suﬃcient to write (x, C; y). Next suppose
that we are in a situation where p = Pr(C) exists, then this gamble can be
written as an operator:
x ◦p y := (x, p; y).
We can give this notation a psychophysical interpretation. Suppose that
stimuli (x, x) and (y, y) are given, where x is more intense than y, x > y, and
that a positive number p is also given. We may ask the respondent to choose
the stimulus (z, z) that “makes the subjective interval from (y, y) to (z, z) stand
in the proportion p to the subjective interval from (y, y) to (x, x).” Note that
z = z(x, y, p) or in operator notation
x ◦p y := z(x, y; p).
This proportionality judgment generalizes S. S. Stevens’ method of magnitude
production in which y = 0.
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Representations of (x, u) and ◦p

Luce (2004) arrived at properties of ⊕s and ◦p that lead to the following
representation. There is a psychophysical function Ψ(x, u) mapping the nonnegative quadrant of the plane of intensities onto the non-negative real numbers
and a distortion of numbers, W, and they are related to one another as I now
describe.
First, using asymmetric matching, zl or zr in (14), there are two constants
δ ≥ 0, γ > 0 such that the following three properties all hold for all x ≥ 0, u ≥
0, p > 0:
Ψ(x, u) = Ψ(x, 0) + Ψ(0, u) + δΨ(x, 0)Ψ(0, u) (δ ≥ 0),
Ψ(x, 0) = γΨ(0, x) (γ > 0),
Ψ [(x, x) ◦p (y, y)] − Ψ(y, y)
W (p) =
(x > y ≥ 0).
Ψ(x, x) − Ψ(y, y)

(16)
(17)
(18)

Note that for Φ = sgn(δ) ln (1 + δΨ) , Φ is strictly increasing in each variable
and Φ(x, u) = Φ(x, 0) + Φ(0, u).
Second, using symmetric matching, zs in (14), the theory shows that δ = 0
in the summation property, (16), and that (18) also holds. However, the very
restrictive constant-bias property of (17) may or may not apply under symmetric
matching.
Two important special cases of (16) are: The unbiased case, where γ = 1,
which means jp-symmetry, (15), holds, and the case where δ = 0. One can show
that if the constant bias property, (17), holds, then δ = 0 is satisfied if, and only
if,
Ψ(x, u) = ηΨ(x, x) + (1 − η)Ψ(u, u),
(19)
where η = γ/(1 + γ) is a constant. Observe that 0 < η < 1. As this suggests, a
key question to be addressed experimentally is a property that is equivalent to
δ = 0.
We now take up parameter-free properties that give rise to these representations.

Properties of the Primitives
Properties of (x, u) : The key necessary condition for Ψ(x, u) to satisfy the
expression (16) is the familiar Thomsen condition of additive conjoint measurement (Krantz et al., 1971):
¾
(x, u0 ) ∼ (y 0 , v)
=⇒ (x, u) ∼ (y, v),
(20)
(y 0 , u) ∼ (y, u0 )

It is a cancellation property where one “cancels” y 0 on the left and u0 on the
right. It is not only necessary but, with other properties, it becomes a suﬃcient
property for additivity.
A second property of (u, v), which I only know how to state using the defined
operation ⊕i , is bisymmetry:
(x ⊕i y) ⊕i (u ⊕i v) = (x ⊕i u) ⊕i (y ⊕i v) (i = l, r, s).
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(21)

This property is important because it necessary and suﬃcient for δ = 0 in the
expression (16) for Ψ(x, u).
Steingrimsson and Luce (2004a) have provided experimental evidence supporting the Thomsen condition in 19 of 24 tests. Earlier studies of the Thomsen
or, in context, the equivalent double cancellation property have yielded conflicting conclusions, roughly equally balanced between acceptance and rejection. We
side with the studies that sustained double cancellation (Falmagne, Iverson, &
Marcovici, 1979; Levelt, Riemersma, & Bunt, 1972; Schneider, 1988) but not
with the others that did not (Falmagne, 1976; Gigerenzer & Strube, 1983). We
do not understand with any certainty these inconsistencies although we discuss
possible reasons for the diﬀerence.
Steingrimsson and Luce (2004b) provided strong evidence (6 of 6 respondents) in support of bisymmetry. This is important because the resulting δ = 0
greatly simplifies some other testing.
Properties of ◦p : The key necessary behavioral condition underlying the expression (18) is the analogue of binary event commutativity which, in this context,
is called (subjective) production commutativity: For all p > 0, q > 0,
((x, x) ◦p (y, y)) ◦q (y, y) ∼ ((x, x) ◦q (y, y)) ◦p (y, y).

(22)

Observe that the two sides diﬀer only in the order of applying p, q, which is
the reason for the term “commutativity.” This property also arose in Narens
(1996) analysis of Stevens’ theory. It was tested for p > 1, q > 1, y = 0 and
supported by 17/19 respondents by Ellermeier and Faulhammer (2000); Zimmer
(submitted, 2004) tested it for p < 1, q < 1, and again it was supported by 6/7
respondents; and for p > 1, q > 1, y > 0, it was supported by 4/4 respondents
by Steingrimsson and Luce (2004a).
Links between (x, u) and ◦p : As discussed earlier, in classical physics one must
ask not only how each operation acts alone, but how they interact when one
is dealing with both of them. For example, masses can be manipulating by
combining them and by varying volume and density of materials. It is well
known that they interact via a distribution-type law. We seek analogies of
linking in this context.
One analogue is left segregation of type i, i = l, r, s :
u ⊕i (x ◦p,i 0) ∼ (u ⊕i x) ◦p,i (u ⊕i 0).
Closely related is right7 segregation of type i :
(x ◦p,i 0) ⊕i u ∼ (x ⊕i u) ◦p,i (0 ⊕i u).
We tested these for i = l or i = r except for one respondent where we tested
both using p = 23 and p = 2, and found partial support (8/10 tests)
Another linking condition is called simple joint-presentation decomposition:
(x ⊕i u) ◦p,i 0 = (x ◦p,i 0) ⊕i (u ◦p,i 0) (i = l, r, s).

(23)

7 It must be studied separately from left segregation because commutativity of ⊕ does not
i
hold.
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This property was tested by Steingrimsson and Luce (2004b) and was reasonably
well sustained (6/8 tests). (The corresponding property that arises when δ 6= 0
is more complex and would be vastly more diﬃcult to test.)

Summary of the Theoretical Results
Luce (2004) has shown that the properties
Thomsen condition
Production commutativity
Simple joint presentation decomposition
Segregation
are necessary for the representations of (16), (17), and (18), and, under fairly
mild background assumptions, they are also suﬃcient. Given that γ 6= 1, bisymmetry is necessary and suﬃcient for δ = 0.

Forms of W and Ψ
Like the rank-dependent utility theory that it closely resembles, this psychophysical theory has the property that none of the behavioral properties that
give rise to the representation has any free parameters — all people are assumed
to be identical at that behavioral level once one knows %. People of course do
vary in % . Note that although testing parameter-free properties is non-trivial
(but see Karabatsos, submitted), it is vastly simpler than testing any model or
property that has (many) free parameters.
Despite the fact that the behavioral axioms are parameter free, the resulting
representation has much freedom for individual diﬀerences, witness that the
functions Ψ and W are not specified at all beyond being strictly monotonic
increasing. These two statements — no parameters at the level of the axioms
and vast parametric freedom at the level of the representations — seem, on the
face of it, contradictory, but assuming no mathematical errors on my part, it
is the case here and, of course, it has been well known in utility theory since
at least Savage (1954). The source of the freedom in the representation results
from the fact that the underlying order % over stimuli can and does diﬀer among
people.
Still, two free functions may be rather more freedom than one really wishes
or needs. And so attempts have been undertaken to narrow them down. This
is the topic of Steingrimsson and Luce (in preparation 2004c,d).
Three proposed forms for W : Narens (1996) arrived, in addition to subjective
proportion commutativity, at the further condition
((x, x) ◦p (y, y)) ◦q (y, y) ∼ (x, x) ◦pq (y, y)

(24)

as a part of his formalization of Stevens’ (1975) implicit assumptions underlying his magnitude methods. It is quite easy to show that this property together
with (18) forces W to be a power function. For wholly diﬀerent reasons, Schneider, Parker, Ostrosky, Stein, & Kanow (1974) used multidimensional scaling on
similarity judgments and concluded that a power function fit the data well. In
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contrast, Ellermeier and Faulhammer (2000) and Steingrimsson and Luce (in
preparation, 2004c) have unambiguously rejected (24) empirically and so power
functions for the distortion function W are ruled out.
In utility theory data suggest that W should have an inverse-S form over
[0, 1], and Prelec (1998) arrived axiomatically at one such a form, namely,

µ
 exp [−λ (− ln p) ] (0 < p ≤ 1)
W (p) =
,
(25)
£

µ¤
exp λ0 (ln p)
(1 < p)

with µ 6= 1. Luce (2001) provided a simpler axiomatic equivalence to (25),
namely, if
((x, x) ◦p (y, y)) ◦q (y, y) ∼ (x, x) ◦r (y, y),

then for8 N = 2, 2/3
¡
¢
(x, x) ◦pN (y, y) ◦qN (y, y) ∼ (x, x) ◦rN (y, y).

Zimmer and Baumann (2003a, 2003b) reject this property where (x, u) is interpreted to be successive presentations of brief intensities x and u and Zimmer
(submitted, 2004) does so with two-ear presentations. Steingrimsson and Luce
(in preparation 2004c) also tested it using the two ear interpretation and again
reject this property. This strongly suggests that we need to consider other
possible forms for W ; the search is currently underway.
An earlier hypothesis that is interesting is the power odds one (Gonzalez &
Wu, 1998). Let Ωp := p/(1 − p), then the hypothesis for p ≤ 1 is that
ΩW (p) = αΩρp

(α > 0, ρ > 0).

There are questions remaining about its properties and what to suppose if p > 1.
Although the Prelec function, (25), is incorrect, Steingrimsson and Luce (in
preparation, 2004c) show that if no explicit reference signal is given, one may
develop for that function a fairly simple account for the existence of sequential
eﬀects. These eﬀects are well known to exist. Presumably, once a more correct
form for W is discovered, it too will provide a similar account for sequential
eﬀects.
A power function form for Ψ : Assuming the symmetric case of ratio production
(y = 0), and select z = tx, t > 0. We may ask the respondent to report a ratio
estimation ps = ps (t, x). we have
Ψ [(x, x) ◦ps (y, y)] = W (ps )Ψ(x, x) (x > 0),
so if we define
ψ s (x) := Ψ(x, x),
8 Within the context of the theory, one can prove from this assumption that the property
actually holds for all positive real numbers N.
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etc., this becomes
W (ps (t, x)) =

ψ s (tx)
.
ψ s (x)

(26)

Stevens (1975) more or less implicitly assumed that
ps (t, x) = ps (t),

(27)

in words, that the ratio production depends on the physical ratio of signals but
not on the reference signal x. Hellman and Zwislocki (1961) provide supporting
data for t > 1, although probably not for t < 1. If so we have the functional
equation
ψ (tx)
W (ps (t)) = s
,
ψ s (x)
from which it is not diﬃcult to show that there exist constants αs > 0, β s > 0
such that
ψ s (x) = αs xβ s (x ≥ 0),
¡ ¢
ps (t) = W −1 tβ s
(t ≥ 0),

(28)
(29)

Ψ(x, u) = αl xβ l + αr xβ r .

(30)

Contrast this with Stevens (1975) who argued empirically that p(t) is itself
a power function. Others, and I am among them, have emphasized that data
for individuals are only approximate power functions but with some distortion.
Indeed, were p(t) a power function, then from (29) we see that W would be a
power function, which we know is wrong. Our conclusion is that it is not ps but
ψ s that is a power function. It is an inferred psychophysical function, which is
not directly observable, that is predicted to be a power function.
The analogous argument can be made for i = l and i = r which leads us to
consider the two-ear psychophysical function

One can show, under our assumptions, that this is equivalent to the following
behavioral property called multiplicative invariance: For all signals x, u and any
factor λ > 0,
λx ⊕i λσ u = λ(x ⊕i u) (λ > 0, σ := β l /β r , i = l, r, s).

(31)

Note that the property of constant bias, (17), is equivalent under this representation to σ = 1. To test (31) in general it is essential to estimate σ. One can
show that under the assumption of (30) that
zr (x, 0)dB = σ2 zl (0, x)dB + c,
which provides an estimate of σ. So far, the only test of (31) was done on the
assumption of constant bias, i.e., σ = 1 (Steingrimsson & Luce, in preparation,
2004c). Of their 22 respondents, three failed both of two tests, seven failed one
of them, and 11 did not reject the invariance condition under constant bias. The
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property failed in 14 out of 44 tests. So, some people seem to satisfy the power
function theory with σ = 1, but others do not. We do not yet know whether
this is a failure of σ = 1, which we suspect, or whether it is due to a failure of
(31). If the latter, it argues indirectly against (27). Research continues.

5. Closing Remarks
I have presented two somewhat related examples from the behavioral sciences that, to a degree, parallel some formalisms of physical measurement.
Such measurement is characterized by manipulating an attribute — utility in
one case and loudness (or, in principle, any intensity attribute) in the other —
in at least two distinct and readily reversible ways. Both manipulations can
be treated as mathematical operations: joint receipt and gambles in the utility
case and joint presentation to the two ears and ratio proportions for (auditory)
psychophysics. Each operator by itself yields a representation of the attribute,
utility or loudness, but the two representations are only related by a strictly
increasing function. To sharpen that connection, one must search for a relation
between the two operators. This is in the nature of a distribution property.
Once done, that link can be translated into solving a functional equation. In
this I have had the good fortune to enlist the help of some of the top experts in
the world on functional equations. The guru of the field, János Aczél, has found
some of the equations challenging and has enlisted the assistance of others in
several countries, M. Kuczma, A. Lundberg, G. Maksa, C. T. Ng, Z. Páles. Some
of the relevant functional equation papers are in the references under the first
authors Aczél, Lundberg, Maksa, and Ng.
I believe that these behavioral examples are formally similar to some moreor-less classical physical measurement. For example, consider objects moving at
constant velocities (no applied forces). One can concatenate velocities to get an
additive representation. And one can treat it as the distance traversed divided
by the time required to do so. In classical physics, these two measures were
linked by a simple distribution property and were shown to be proportional.
In special relativity, the link is more subtle and results in a non-additive form
(4) for the “summation” of velocities when velocity is measured by length/time.
Although the mathematical forms is diﬀerent, its role is not unlike the p-additive
form that arose in the two behavioral examples. One feature of both examples
is that the members of each pair of representations are ratio scales. Velocity
and rapidity in the case of relativity are each ratio scales, as are U and V =
sgn(δ) ln (1 + δU (x)) in utility theory. The underlying sources of ratio-scale
uniqueness, however, diﬀer. For utility, the ratio quality of V derives from
properties of ⊕ whereas that of U rests on properties of ◦p . For velocity, the
ratio character of rapidity results from properties of ◦ whereas that of velocity
arises from properties of the distance-time conjoint structure.
Our cases, especially in psychophysics, have the added wrinkle that the unknown functions Ψ and W relate to, respectively, physical measures of intensity
and numerical proportions. That goes beyond the physical parallel and seems
to be very incompletely understood, especially for W.
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Of course, this work is only a drop in the bucket. Much that we would
like to measure we don’t know how to in fully satisfactory ways. So far as I
know, modeling of this type has proved to be of little help in areas, such as
ability testing, of interest to members of the psychometric community. It could
become of interest were we to figure out how to treat intellectual abilities as a
human “dimensional constant” relating cognitive activities in a measurable way.
The fact that there are a number of results correlating performance on (basic)
cognitive tests such as Raven matrices, Saul Sternberg tasks, response speed,
etc. to “intelligence” (e.g., as measured by standardized tests) suggests that it
might be feasible to do so were we to attend explicitly to that challenge. It
would be a great accomplishment to provide improved behavioral foundations,
i.e., axioms underlying, for the ways that abilities are currently measured. I
have not seen how to do that.
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Figure captions:
Figure 1. A representation of event commutativity with m = 2, n = 2.
Figure 2. A representation of coalescing.
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Table 1. Two independent methods of manipulating the attribute of mass.
The notation is m, V, and ρ for, respectively, numerical measures on ratio scales
of mass, volume, and density.

Set of containers:
Collection homogenous substances:
Collection of masses

V
S
M=V ×S

Conjoint structure:
Representation:

hV × S, %i
m(a) = V (a)ρ(s)

Extensive structure:
Representation:

hM, %, ◦i
m0 (a ◦ b) = m0 (a) + m0 (b)

Linked structures:
Representation:

distributivity
m0 = m
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Table 2. Physical and behavioral measurement analogues with some key
features.
Physical

Behavior

mass, length,
voltage, etc.

utility,
psychophysical

laws, rapid change,
and reversible

ratio or
interval

heating

hunger

regularities, slow change,
and reversible

ordinal or
stronger

material fatigue

addictiveness

regularities, slow change,
but not reversible

unclear

hardness, storm intensity

abilities, traits

no real structural laws

ordinal
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Features

Scale
Type

Table 3. Marley & Luce (2004) worked out in detail the predictions of models and summarized Birnbaum’s empirical findings. For RDU the unambigous
predictions are:
RDU

# of
Cases

Prediction
Must Hold
Never Holds
Totals
(a)

Data
# Agree

12
7
19

3(a)
3
6

# Disagree
6
0
6

These 3 must hold for any RWU model.
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No Data
3
4
7

