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CONDITIONAL EXPECTED UTILITY 

This paper describes empirical laws (formulated abstractly, as axioms) that lead to 
simultaneous measurement of utility and subjective probability under circumstances 
where decisions delimit which states of nature may occur. 

1. INTRODUCTION 

OUR PURPOSE is to formulate a qualitative theory of conditional decisions that 
both admits a representation in terms of conditional expected utility and is at a 
level of generality comparable to Savage's [ l l ]  unconditional theory. The fact 
that conditional theories may have important advantages over unconditional ones 
(see Sections 4 and 5) seems not to have been generally recognized; indeed, so 
far as we know, such theories have only been explicitly discussed twice before. 
In 1964, Fishburn [5] suggested that the conditional formulation might be the 
more satisfactory, stating the sort of representation that one would want to prove, 
and comparing the conditional and unconditional representations in special cases. 
He did not, however, provide an axiom system sufficient to establish the conditional 
representation, and few readers seem to have realized that his proposals were novel. 
Later, and independently, Pfanzagl [9] offered an axiomatic theory for simple 
(two-component) gambles and two-component, non-independent compositions 
of simple gambles ; he did not generalize his results to general conditional decisions. 
This we do. Very roughly, our results generalize Pfanzagl's in the same way as 
Savage's generalize Davidson and Suppes' [2] axiomatization of Ramsey's [lo] 
ideas. 

We present two somewhat different axiom systems that lead to (essentially) 
the same representation. Although the first is surely the better of the two, we provide 
a complete proof only for the second. The reason is that a full proof of the first 
result, which rests upon an unpublished version of n-dimensional additive conjoint 
measurement, is exceedingly long. Proofs of these two results will ultimately 
be given in detail (Krantz et al. [7]), and they are only announced here. The version 
of conditional expected utility that we prove, like Pfanzagl's result to which it is 
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reduced, is faulted by having unduly restrictive assumptions, but the proof is of 
a more reasonable length when Pfanzagl's theorem is assumed. 

2. CONDITIONAL DECISIONS 

To the untutored-those not conversant with statistical decision theory-a 
conditional formulation of decision problems seems natural, and even the tutored 
have to struggle not to think in conditional terms. Suppose that you are committed 
to make a trip from H (here) to T (there) and that travel by commercial aircraft (A), 
bus (B), or your own car (C) are the feasible alternatives from which you must 
choose. When considering A-flying-various subevents with distinct conse- 
quences and risks must be considered : the plane may leave H and arrive at T on 
schedule, without any surprises; it may arrive at T some x hours late with varying 
consequences for the purpose of the trip, which depend upon the value of x ;  
it may never arrive at T, which in turn breaks down into an arrival at another 
airport, more or less near T, or a crash, more or less fatal; and so on. Events 
outside the conditioning event A are irrelevant to the evaluation of that decision 
and, in fact, some, such as C (you driving your car from H to T) simply will not 
occur if you elect to fly. 

Let W denote the set of all consequences that can arise from any of the decisions 
under consideration; then a particular decision conditional on the event A is 
simply a function from A into the set Gt?. For the possibilities outside A, the function 
is not defined. Since it is essential to make explicit the domain of conditional 
decisions, we write fA for a typical decision conditional on A. Similarly, a decision 
involving the bus trip would be a function g, from B into W. 

A decision problem, then, is to select one from among a set 9 of conditional 
decision f A ,  g,, h,, etc. Notice that such a choice not only determines the con- 
tingencies with which various consequences arise, but it actually determines which 
event, A, B, or C, will occur. In other words, the decision maker controls to some 
extent the environment in which the consequences occur as well as the probability 
distribution of their occurrence. We shall suppose that between any two conditional 
decisions, a person prefers one to the other or he is indifferent between them, and 
so there is a binary ordering 2 over 9. Our goal is to axiomatize both 9 and this 
ordering in such a way that we can construct a utility function u over Gt? and a 
conditional probability function P over events so that the ordering is represented 
by conditional expected utility, i.e., by 

where the integral is defined in some appropriate way. 
This model differs from Savage's in two related ways. First, he supposed that 

all decisions have the same domain, namely, the set of all "states of nature." 
Second, he showed that a single (unconditional) probability function entered the 
calculation of all expectations. In other words, the choice of a decision does not 
affect the probabilities of the states of nature. Stated so baldly, the model seems 
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strange since, almost by definition, decisions do delimit possibilities. Savage, 
of course, would not deny this, but he assumed that all such limitations can be 
encompassed by different assignments of consequences to an appropriate partition 
into states of nature. As this is by no means obviously true, we show in Section 5 
that, for the finite case, any conditional model with the above representation can 
be restated in an equivalent unconditional form, and vice versa. So from one point 
of view, it does not matter which model one uses; however, the conditional one 
is usually much the simpler of the two and, in our opinion, the more natural. 
Moreover, it has other representations than the one stated above, and these seem 
of value since they admit that events may have utility independent of an arbitrary 
assignment of consequences to them. 

3. PRIMITIVES, AXIOMS, AND REPRESENTATION THEOREMS 

In this section we shall define a relational structure called a conditional decision 
structure. This consists of four undefined sets and an undefined relation (the 
primitives) which satisfy certain axioms. The interpretations of the primitives are 
as sets of events, null events, consequences, and conditional decisions, and a 
relation of preference between pairs of decisions. The axioms fall into two cate- 
gories. The structural ones (Axioms 1, 8, and 9) are not so much constraints on 
preference behavior as a requirement that the total structure under consideration 
be sufficiently rich. The other six axioms (2-7) constitute our definition of rational 
preference behavior. Like Savage's rationality principles, they are mostly not 
transparent at first sight, but they become reasonably compelling as normative 
principles once their meanings are grasped. 

Following this definition, we present some brief comments on the axioms; 
special attention is paid to their intuitive rational character. We then state the 
most general representation and uniqueness results as Theorem 1. Finally we 
indicate how the axioms must be modified so that the proof can be based on 
Pfanzagl's theorem, and we state the modified results as Theorem I*. 

The system has the following primitives : events-an algebra d (i.e., d is closed 
under unions and complements) of subsets of a given set X of possible chance 
outcomes; null events-a subset N of 8, including at least the empty set a, that 
is characterized by the axioms and that will be the events assigned probability 0 
in the representation; consequences-an arbitrary set Gt?; conditional decisions-a 
set 9 of functions from non-null events (elements of & - N )  into W; and preference 
ordering-a binary relation 2 over 9. 

Note that a function defined on a null event is never an element of 9. If R is null, 
A is non-null, R c A, and fA is in 9, then of course, the restriction of fA to the 
subset R of A is a well defined function; nevertheless, we do not consider it to 
be an element of 9. It seems repugnant to have to evaluate, relative to a preference 
ordering, decisions that are conditional on impossible events. 

On the other hand, our first axiom asserts that the restriction of a conditional 
decision fA to any non-null subset B c A does constitute another conditional 
decision in the set % This axiom also asserts that 9 is closed under the union of 
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any two disjoint non-null decisions. Specifically, if A, B are disjoint and non-null, 
and if fA,  g, E 9, then fA u g,, which is a function defined on A  u B, is also assumed 
to be in 9. Except for the second axiom (which says that k is a weak ordering 
of' 9), all remaining axioms are formulated in terms of unions of disjoint con- 
ditional decisions and restrictions of decisions to non-null events. It should be 
emphasized that these closure assumptions do not imply that 9 consists of all 
logically possible decisions. Specifically, in Section 4 we will exhibit an example 
in which 9 does not include any constant decisions. 

DEFINITION 1 : (X, 4 4 9, k )  is a conditional decision structure if for all 
A, B E 8 - 4 R, S E G, and all fa, f 2), fA ,,, fA ',,, , g,, gg ) ,  h$), kg) E 9, the following 
nine axioms are satisfied. 

AXIOM 1 : ( i )  If A  n B = (25, then fA u gB E 9 ;  (ii) if B c A, then fA is restricted 
to B € 9 .  

AXIOM 2: 2 is a weak ordering of % 

AXIOM 3: If A n  B = (25 and fA - g,, then fA u g, - fA.  

 AXIOM^: I f A n  B = (25, then fa ' )  k f y )  ifand only f f y ' u g ,  2 f y ' u g , .  

AXIOM 5 : If A  n B = (25, f 2) - gg), i = 1,2,3,4, f 2) u k g )  - f 9 )  u kg) ,  and 
h'," u g'," - h y )  u gg) ,  then f y)  u k g )  k f y) u k g )  ij and only if h y )  u gb3' 2 
hy' u gg'. 

AXIOM 6 :  If A  n B = (25, N is a sequence of consecutive integers, not gLA) - gg),  
and f 2) u gL1) - f 2' A )  u gL2) for all i, i + 1 E N ,  then either N is jnite or ( f  2)Ii E N )  
is unbounded. 

AXIOM 7 :  ( i )  If R E X  and S c R ,  then S E M ;  (ii) R E X  i f  and only i f ,  for all 
fA u R  E 9, fA ',,, - fA ,  where fA is the restriction of fA ,R to A. 

AXIOM 8 :  (i)  8 - Jf contains at least three pairwise-disjoint elements; (ii) 91- 
contains at least two distinct equivalence classes. 

AXIOM 9 :  ( i )  If A  and gB are given, thea there exists hA E 9 for which hA - g,; 
(ii) i f  A  n B = @ and ha') u g, 2 fA ,, k h y )  u g,, then there exists hA E 9 such 
that h~ g~ - fA uB. 

The three structural axioms, 1, 8, and 9, yield rather subtle constraints on the 
type of situation to which the theory applies. We believe, however, that these 
constraints are satisfied, at least approximately, in a wide variety of situations. 

The simplest of these to discuss is Axiom 8, which assures that the events and 
decisions are not wholly trivial. It is much weaker than Savage's structural condi- 
tions: Axiom 8(ii) is the same as Savage's P5, whereas 8(i) follows from his P6, 
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which, in fact, assures that there are indefinitely fine partitions of his basic set of 
states. Unlike Savage's axioms, ours have models in which X is finite. Axiom 8(i) 
can even be weakened to assert that there are at least two (rather than three) 
disjoint non-null elements, but then Axiom 4 has to be replaced by a stronger, and 
less natural assertion. 

Axiom 1 involves some special difficulties in real situations, although not in 
laboratory studies of decision making. Suppose, for example, that C = (heads, 
tails) is the toss of a coin and that D = ( l ,2 ,3,4,5,6)  is the roll of a die. Let h, be 
some payoff scheme assigning one consequence to heads, another to tails, and 
k, a payoff scheme contingent on D. The experimenter can invent a game in which 
either C or D (but not both) will occur, and where the subject is uncertain which 
one will occur. Then h, u k, may be considered the payoff scheme for this game. 
The quantities P(CIC u D) and P(DIC u D), which arise in the representation of 
Theorem 1, represent the subject's subjective probabilities of C and D, given that 
he chooses to play such a game. Thus, it is perfectly natural to evaluate the utility of 
the whole game, u(hc u k,), in terms of the expectation of the utilities u(h,) and 
u(k,) of the subgames h, and k, : 

u(hc u k,) = u(~,)P(c~c u D) + U(~,)P(D~C u D). 

Moreover, the experimenter can test this expectation principle by offering the 
subject various choices between different sorts of games, including h,, k,, h, u k,, 
etc., and from the choices made he can compute utilities and subjective probabili- 
ties. 

For real-world choices, matters are less simple. Returning to our earlier exam- 
ple, what is fA u g,? It means a trip from H to T, with uncertainty as to mode of 
transport-airplane or bus. Since there is no experimenter, the uncertainty can 
only arise from random events in nature. If you are considering whether to go 
from H to T tomorrow and do not hold a plane reservation, the probability 
P(AIA u B) may represent your subjective probability of obtaining the desired 
reservation. The decision to travel, if it must be taken without knowing whether 
or not a reservation is obtainable, is well represented by f, u g, and is well evalu- 
ated by u(f,)P(AIA u B) + u(~,)P(BIA u B). But in this situation, it is difficult 
to infer u( f,), since there is no experimenter who, by fiat, can offer you fA as opposed 
to other choices. At the moment of decision, fA u g, is an available decision, but its 
restriction to A, namely f,, is not-violating Axiom I@). On the other hand, if 
you already hold a plane reservation, there may be no uncertainty. You simply 
evaluate u( f,), u(gB), and u (stay at home), and if one of the first two is highest, you 
make the trip by the appropriate means of transportation. Here, fA, g, are in 
9, but f, u g, is meaningless-violating Axiom l(i). 

To apply our theory to real-world decisions, we must therefore suppose that 
"natural" decisions, such as fA, g, above, are enriched by certain artificial ones. A 
game can be constructed in which either A or B will occur, but which one is not 
certain. The fact that a person would not ordinarily consider such a game, when 
contemplating travel from H to T, does not prevent us from supposing that, were 
he to consider it, the game fA u g, would have a definite place in the ordering 2 
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over 3. The supposition that d is an algebra and that Axiom 1 holds is equivalent 
to the assumption that sufficiently many such games are available for potential 
consideration. 

This gives us a clue as to what is required actually to measure utilities and 
subjective probabilities of real-world decisions and events. The measurer must be 
prepared to present for serious consideration by the decision maker some rather 
artificial alternatives, and the decision maker must be induced to make realistic 
decisions among them. The usual technique is to pose hypothetical questions. For 
example, if a decision maker prefers aircraft to bus to car, we might ask him whether 
he prefers a coin flip to decide between the aircraft and the car or whether he 
prefers to go by bus for sure. Suitable side payments or a willingness to serve 
science may induce decision makers to submit to somewhat odd, nonhypothetical 
choices and to abide by the resulting consequences. 

At any rate, our supposition that a decision maker maintains a preference 
ordering over a set 3, which includes both some natural alternatives and some 
rather artificial games, is certainly considerably weaker than Savage's assumption 
that he maintains an ordering over all possible functions relating states to conse- 
quences. 

The status of the last structural axiom, 9, is similar to that of Axiom 1. In the 
laboratory, the experimenter can surely devise enough different payoff schemes h, 
so that he can match any g,, etc. A decision maker considering a trip from H to T 
will not ordinarily think (except, wishfully) of the unlikely payoff scheme h, 
specifying (among other things) that if there are fifteen planes ahead of him on the 
runway for takeoff, he will receive a $20 refund. But we can still suppose that he 
has a definite order of preference, or is indifferent, between such an h, and g,; 
and we can either ask him to report this preference or try to induce him to make 
real choices of this kind. Again, Axiom 9 seems considerably less stringent than 
Savage's requirement that any possible assignment of consequences to states is 
potentially available for consideration. 

Axioms 2-7 are of a rather different character since they are logically necessary 
for the representation we are trying to obtain in Theorem 1. (This is not quite true 
for 7(ii), but is nearly true in a certain sense.) These axioms capture one view of 
rational decision making. 

The weak ordering axiom (2) although questionable on empirical grounds 
(Tversky [12]), is unchallenged as a principle of rationality. 

Axiom 3 asserts that if a decision maker is equally happy with f, or g,, then he is 
just as happy in the more uncertain condition f, u g,. If an individual who cannot 
decide between two lottery tickets is handed one at random, he should have no 
motivation to see which it is before deciding on its resale price. 

Axiom 4 is a version of Savage's "sure-thing principle." Iffy) ,  f y )  are constant 
decisions, there hardly can be any dispute about the principle: i f f y )  is the more 
valuable, then it does more than f y) to enhance g, when combined by disjoint 
union. For nonconstant decisions, some rather subtle arguments have been raised 
against the principle (Allais [I], Ellsberg [4], MacCrimmon [S]). The gist of Allais' 
argument is that iff a') has high variance and f y) has low variance, then fa') may 




























