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1. Introduction. Let A, B, C, and D be events from some algebra &, and let
A |B > C|D signify that “the occurrence of event A conditional on B having
occurred is judged as qualitatively at least as probable as the oceurrence of C
conditional on D having occurred.” Were the rest of the ordering uniquely defin-
able in terms of its unconditional part (obtained by restricting B and D to the
universal event X), just as conditional probability is uniquely defined in terms of
unconditional probability, then we could simply attend to unconditional order-
ings. That no such definition can be given is shown by the following example of
two probability measures that induce the same unconditional ordering but dif-
ferent eonditional ones:

{1,2, 3} {1, 2} {1, 3} {1} {2, 3} {2} {3}

P 9/9 8/9 6/9 5/9 4/9 3/9 1/9
p* 9/9 8/9 7/9 6/9 3/9 2/9 1/9

P({3}1{2,3}) = + <& = P({2} [{L, 2})
P*({3}1{2,3}) = 3 > % = P*({2} | {1, 2}).

Thus, one is led to ask: what properties of the events and of > are necessary
and/or sufficient for there to be a unique, finitely additive probability measure
P that is order preserving in the following sense:

A|B > C|D ifandonlyif P(4 n B)/P(B) = P(Cn D)/P(D)?

The question is surely of logical interest for a personalistic theory of probability,
especially since the most easily elicited judgments of qualitative probability
are conditional ones: is red on a roulette wheel (given that the wheel is spun)
more likely than heads on a coin (given that the coin is flipped)? To formulate
such choices in unconditional form demands some artifice.

The only published work on this problem of which I am aware is Koopman
[4], [5], and [6]. The related work of Copeland [1], Csdszér [2] and Rényi [10]
is also of interest. Those who have examined Koopman’s axioms seem agreed
that they are somewhat awkward, that several are not as intuitively compelling
as one would like, and that their relation to those for qualitative (unconditional)
probability (de Finetti [3], Luce [8], and Savage [11]) is not transparent. Al-
though, to a considerable degree, these are really criticisms of his exposition,
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nonetheless, the system given here seems somewhat more satisfactory on all
three counts. A detailed comparison of the two systems is given in Section 2.

More striking is the difference in the proofs. As was done for unconditional
probability in [8], the problem is reduced to one in the theory of extensive
measurement. The relevant results, which are proved in Luce and Marley [9],
are summarized in [8], to which the reader is assumed to have access. Matters are,
however, considerably more complicated for conditional than for unconditional
probability because we must contend both with the additivity of P and with
the division structure of the representation. The axioms are sufficiently strong
s0 that an unconditional probability P can be constructed from the unconditional
qualitative probability on & The main task then is to show that the remainder
of > is compatible with the numerical conditional probability that is induced
by P.

2. Axioms and representation theorem for conditional probability. In formulat-
ing the axioms, we begin with an algebra & of subsets of a given set X (i.e., & is
closed under complementation and union), a subset 9t of & that identifies the
null events (i.e., those that will have probability 0), and a relation > on
& x (& — M). (Clearly, the relation cannot be on § x & if we are to avoid con-
ditioning on null events.) As usual, > means > but not <, and ~ means both
2~ and <. It will prove convenient to denote a typical element of & x (& — 9t)
by A | B, where A ¢ & and B ¢ & — 9, and to make the convention that symbols
appearing just to the right of | are always from & — 9t.

DEeriNITION 1. Suppose that X is a non-empty set, & an algebra of subsets of
X, % C &, and > arelationon& x (& — 91). The quadruple (X, &, 91, >} is called
a system of qualitative conditional probability if the following six axioms hold:

Axiom 1. > is a weak ordering of & x (& — N), i.e., it is reflexive, transitive,
and connected.

Axiom 2. X e, and A e if and only if A | X ~ F | X.

Axiom 3. X |X > A|Band X |X ~ A | A.

Axiom 4. A|B ~ An B|B.

Axiom 5. Suppose that AnB = A'nB = F. IfA|C > A'|C and B|C
> B'|C', then Au B|C > A’ u B'|C'; moreover, if either hypothesis is >, then
the conclusion is >.

Axiom 6. Supposethat A B< Cand A' € B' < C'. If either A|B > A’ | B’
and B|C > B'|C' or A|B > B'|C' and B|C » A'|B', then A|C > A'|C;
moreover, if any of the hypotheses s >, then the conclusion is > .

The system is Archimedean if, in addition, the following axiom holds:

Axiom 7. Any sequence A, C Ay C - C A; C -+, A;e& — N, for which
Ai|Adipy ~ A |4 < X | X,70=1,2, -+, 18 finle.

Given the desired respresentation, it is not difficult to see that all seven axioms
are necessary properties. For example, the last one follows from the fact that,

"since A;e& — N, P(4,) < 1,and A;|Asa ~ A1 | 42,

0 < P(4:) = P(A1)/P(As) = [P(A1)/P(A2)]P(42)/P(4s)] -+
[P(4n1)/P(44)] = [P(41)/P(42)]"".
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Since 4, |42 < X | X, P(A1)/P(A,) < 1, and so » must be bounded.

The counter-example of Kraft, Pratt, and Seidenberg [7] for unconditional
probability leads one to suspect that these seven axioms are insufficient to prove
the desired representation; however, no counterexample yet exists. We show that
the representation follows when the following non-necessary property is added
to the system.

Axtom 8. Suppose that C € D and Ce8& — . If A|B > C|D, then there
exist C' and D" such that C < €', D' c Dand A|B~C'|D ~C|D".

We say that a system of qualitative conditional probability is regular when
Axiom 8 holds. It simply states that the events are sufficiently finely graded so
that an inequality of the form 4 | B > C | D can be converted into an indifference
either by augmenting C or by diminishing D. Note that C must be non-null for
the diminishing of D to work. Intuitively, this seems closely related to the
assumption made by Koopman and others that, for any integer n, some event
can be partitioned into n equally probable events, and, as we shall see from the
proof, in the presence of the other axioms, regularity almost implies this property.

At first glance, Xoopman’s [4], [5] system and this one appear rather dif-
ferent, but in fact they have much in common. Perhaps the simplest way to
see the relations is to state what in his system corresponds to each of the above
axioms.

Axiom 1: He postulates a quasi-order rather than a weak order, but he points
out that were he to add the connectivity assumption then his Axioms P and S,
which have no counterpart in this system, would be theorems.

Axiom 2: Since he assumes that &f is the only null event, he has no need for
this axiom.

Axiom 3: This is given, in a somewhat different and stronger form, in his
Axioms V and I.

Axiom 4: Although he uses this property throughout, he treats it simply as a
“notational convention” that does not need to be listed explicitly as an axiom.

Axiom 5: This is not stated as an axiom, but is proved as a theorem. Its
role is played by his Axiom A, namely that if A | B > C|D, then C|D x> A |B,
which we derive as Lemma 7.

Axiom 6: His Axiom C is the same as the first part of our axiom. (In [5] the
statement is as given here; in [4] it appears to be more complex since he does
not assume A € B € C and A’ € B’  (’.) His Axiom D, which he calls a
quasi-converse of C, corresponds to our statement that if any of the hypotheses
is >, then the conclusion is >.

Axiom 7: There is no counterpart to this axiom in his system, which was
intentional since he only wanted to prove that A | B > C'| D implies P(4 n B)/
P(B) =z P(Cn D)/P(D) and not the converse.

Axiom 8: As I noted earlier, the closest counterpart is his “assumption” (it
is riot listed among the axioms) that, for each positive integer n, some non-null
event can be partitioned into #» equi-probable events, but they are by no means
the same assumption.




























