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Ancient mathematics 

The history of ancient mathematics divides nat- 
urally into three periods. In the first period, the 
pre-Hellenic age, the beginnings of systematic 

MATHEMATICS mathematics took place in ancient Egypt and in 
Mesopotamia. Contrary to much popular opinion, 

The of mathematics, and to some ex- the mathematical developments in Mesopotamia 
tent its content, can be thought of as involving were deeper and more substantial than those in 
three major phases. Ancient mathematics, cover- Egypt. The Babylonians developed elementary 
ing the period from the earliest written records arithmetic and algebra, particularly the computa- 
through the first few centuries A.D.9 culminated tional aspects of algebra, to a surprising degree, 
in geometry, the theory of For example, they were able to solve the general 
numbers, and ordinary algebra. Equally important, quadratic equation, ax? + bx + = 0. An authori- 
this phase saw the evolution and partial clarifica- tative and readable account of ~ ~ b ~ l ~ ~ i ~ ~  mathe- 
tion of axiomatic systems and deductive proofs, matics as well as of ~~~~k mathematics is presented 
The next major phase, classical mathematics, be- by ~~~~~b~~~~ (1951 1, 
gan more than 1,000 years later, with the Carte- The second period of ancient mathematics was 
sian fusion of geometry and algebra and the use of the early Greek, or Hellenic, age. The fundamen- 
limiting processes in the calculus. From these tally new step taken by the ~~~~k~ was t~ intro- 
evolved, during the eighteenth and nineteenth cen- duce the concept of a mathematical proof. ~h~~~ 
turies, the several aspects of classical analysis, developments began around 600 B.C. with Thales, 
Other contributions of this phase include non- pythagoras, and others, and reached their high 
Euclidean geometries, the beginnings of ~robabfl- points a little more than a century later in the 
 it^ theory, vector spaces and matrix theory, and work of Eudoxus, who is responsible for the theory 
a deeper development of the theory of numbers. of proportions, which in antiquity held the place 
*bout a hundred years ago the third and n~ost  ab- ,OW held by the modern theory of real numbers. 
stract and demanding phase, known as modern The third period is the Hellenistic age, which 
mathematics, began and sepa- extended from the third century B.C. to the sixth 
rate from the classical period. This phase has been century A.D. The early part of this period, some- 
concerned with the isolation of several recurrent times called the golden age of ancient mathe- 
structures of of matics, encompassed Euclids Elements (about 300 
-these include abstract algebraic systems (for B.c.), which is the most important textbook ever 
example, groups, rings, and fields), topological 

written in mathematics, the work on conics by 
spaces, symbolic logic, and functional analysis 

Apollonius (about 250 B.c.), and above all the 
(Hilbert and Banach spaces, for example)-and 
various fusions of these systems (for example, extensive and profound work of Archimedes on 

algebraic geometry and topological groups). The metric geometry and mathematical physics (Archi- 

rate of growth of mathematics has been so great medes died in 212 B.c.). The second most impor- 

that today most mathematicians are familiar in tant systematic treatise of ancient mathematics, 

detail with the major developments of only a few after Euclid's Elements, is Ptolemy's ~ l m a ~ e s t  
branches of the subject. (about A.D. 150). Ptolemy systematized and ex- 

Our purpose is to give some hint of these topics, tended Greek mathematical astronomy and its 

The reader interested in a somewhat more detailed mathematical methods. The mathematical sophis- 
treatment will find the best single source t~ be tication of Archimedes and the richness of applied 
Mathematics: Its Content,  Methods, and Meaning, mathematics evidenced by the Almagest were not 
the translation of a Russian work (Akademiia equaled until the latter part of the seventeenth 
Nauk S.S.S.R. 1956). Other general works are century. 
Courant and Robbins ( 1941 ), Friedman ( 1966), 
and Newman (1956). More specific references are 
given where appropriate. We do not here discuss The intertwined and rapid growth of mathe- 
probability, mathematical statistics, or computa- matics and physics during the seventeenth, eight- 
tion, even though they are especially important eenth, and nineteenth centuries centered in a 
mathematical disciplines for the social sciences, major way on what is now called classical anal- 
because they are covered in separate articles in the ysis: the calculus of Newton and Leibniz, differen- 
encyclopedia. tial and integral equations and the special func- 
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tions that are their solutions, infinite series and 
products, functions of a complex variable, ex- 
tremum problems, and the theory of transforms. 
At the basis of all this are two major ideas, function 
and limit. The first evolved slowly, beginning with 
the correspondence, established in the Cartesian 
fusion of the two best-developed areas of ancient 
mathematics, between algebraic expressions and 
simple geometric curves and surfaces, until we 
now have the present, very simple definition of the 
term "function." A set f of points in the plane 
(ordered pairs of numbers) of the form (x, y )  is 
called a function if at most one y is associated with 
each x. If (x, y )  is a member of f ,  it is customary 
to write y = f (x ) ;  x is sometimes called the in- 
dependent variable and y the dependent variable, 
but no causal meaning should be read into this 
terminology. 

The notion and notation may be generalized to 
more than one independent variable; if g is a set 
of ordered triples (x, y, z )  with at most one z as- 
sociated with each pair (x, y),  then z = g(x, y )  is 
called a function of two arguments. Since the most 
general notion of function can relate any two sets 
of objects, not just sets of numbers, it is sometimes 
desirable to emphasize the numerical character of 
the function. Then f is said to be a real-valued 
function of a real variable; here the term "real" 
refers to real numbers (in contrast to complex 
numbers, which will be discussed later). 

Although a real-valued function has been defined 
as a set of ordered pairs of numbers, (x, y),  where 
the domain of x is is an unspecified set of numbers, 
the subsequent discussion of functions is mostly 
confined to the familiar case in which the domain 
of x is an interval of numbers. Even when the dis- 
cussion applies more generally, it is helpful to keep 
the interval case in mind. 

A desire to understand limits was apparent in 
Greek mathematics, but a correct definition of the 
concept eluded the Greeks. A fully satisfactory 
definition, which was not evolved until the nine- 
teenth century (by Augustin Louis Cauchy), is the 
following : b is the limit of f at a if and only if for 
every positive number E there is a positive number 
6 such that, when the absolute value of x - a is less 
than 6 and greater than 0 (that is, 0 < lx - a1 < 6),  
the absolute value of f ( x )  - b is less than E (that 
is, ( f ( x )  - bl < E). In other words, b is the limit of 
f at a if x can be chosen sufficiently close to a (but 
not equal to a )  to force f (x)  to be as close to b as de- 
sired. Symbolically, this is written lim,,, f ( x )  = b. 
The limit of f at a may exist even though f ( a )  is 
not defined; moreover, when f ( a )  is defined, b may 
or may not equal f ( a ) .  If it does-that is, if f ( x )  
is "near" f ( a )  whenever x is "near" a-then f is 

Figure I - Approximation of the derivative of f(x) 

said to be continuous at a. If f is continuous at 
each a in an interval, f is said to be continuous 
over that interval. 

The calculus. The calculus defines two new 
concepts, the derivative and the integral, in terms 
of function and limit. They and their surprising 
relationship serve as the basis of the rest of mathe- 
matical analysis. 

The derivative. The first definition arises as 
the answer to the question "Given a function f ,  
what is its slope (or, equivalently, its direction or 
rate of change) at any point x?" For example, 
suppose that y = f ( x )  represents the distance, y, 
that a particle has moved in x units of time; then 
what is the rate of change of distance-the in- 
stantaneous velocity-at time x? If h is a short 
period of time, then an approximate answer is the 
distance traversed between x and x + h, that is, 
f ( x  + h )  - f ( x ) ,  divided by the time, h, taken to 
travel that distance (see Figure 1 ) .  The approxi- 
mation is better the smaller the value of h, which 
suggests the definition of the rate of change of f 
at x as the limit of this ratio as h approaches 0, 
that is, 

lim f (x  + h )  - f (x )  
h+O h 

This limit, if it exists, is denoted by f'(x) (or by 
df(x)/dx or by dy/dx) and is called the derivative 
of f at x. If f'(x) exists, then f can be shown to 
be continuous at x, but the converse is not true in 
general. 

One of the earliest and most important applica- 
tions in the social sciences of the concept of a de- 
rivative has been to the mathematics of marginal 
concepts in economics. For example, let x repre- 
sent output, C(x) the cost of output x, and R(x)  
the revenue derived from output x; then Cr(x) and 
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Rf(x) (or dC(x)/dx and dR(x)/dx) are the mar- 
ginal cost and marginal revenue, respectively. 
Marginal utility, marginal rate of substitution, and 
other marginal concepts are defined in a similar 
fashion. Many of the fundamental assumptions of 
economic theory receive precise formulation in 
terms of these marginal concepts. 

The integral. The second concept in the cal- 
culus arises as the answer to the question "What 
is the area between the graph of a function f and 
the line y = 0 (the horizontal axis, or abscissa, of 
the coordinate system) over the interval from a to 
b?" (Regions below the abscissa are treated as 
negative areas to be subtracted from the positive 
ones above the abscissa; see Figure 2 . )  The solu- 
tion, which will not be stated precisely, involves 
the following steps: the abscissa is partitioned 
into a finite number of intervals; using the height 
of the function at some value within each interval, 
the function is approximated by the resulting step 
function; the area under the step function is cal- 
culated as the sum of the areas of the rectangles 
of which it is composed; and, finally, the limit of 
this sum is calculated as the widths of the inter- 
vals approach zero (and, therefore, as their num- 
ber approaches infinity). When this limit exists, 
it is called the Riemann integral of f from a to b 
and is symbolized as S:f(x) dx. It can be shown 
that the Riemann integral exists if f is continuous 
over the interval; it also exists for some discon- 
tinuous functions. For more advanced work, the 
concept of the length of an interval is generalized 
to the concept of the Lebesgue measure of a set, 
and the Riemann integral is generalized to the 
Lebesgue integral. Roughly, the vertical columns 
used to approximate the area in the Riemann in- 
tegral are replaced in the Lebesgue integral by 
horizontal slabs. 

Although the interpretation of the integral as 
an extension of the elementary concept of area is 

Figure 2 - Approximation of the integral of f (x )  

important, even more important is its relation 
(called the fundamental theorem of the calculus) 
to the derivative: Consider F(x) = Szf ( u )  du as 
a function of the upper limit, x, of the interval 
over which the integral is computed; it can then 
be proved that the derivative of this function, Ff(x), 
exists and is equal to f (x ) .  Put another way, the 
rate of change at x of the area generated by f is 
equal to the value of f at x; or put still another 
way, the operation of taking the derivative undoes 
the operation of integration. This fact plays a 
crucial role in the solution of many problems of 
classical applied mathematics that are formulated 
in terms of derivatives of functions. 

Introductions to the calculus and elementary 
parts of analysis are Apostol (1961-1962) and 
Bartle ( 1964). 

Implicit definitions of functions. An algebraic 
equation such as 2x2 - 5x - 3 = 0 implicitly de- 
fines two numbers (namely, the two values of x, 
3 and -3) for which the equality holds. Other alge- 
braic equations implicitly define sets of numbers 
for which they hold. 

A functional equation is an equality stated in 
terms of an unknown function; it implicitly de- 
fines those functions (as in the algebraic case, 
there may be more than one) that render the 
equality true. 

Ordinary differential equations. Suppose it is 
postulated that the amount of interest (that is, 
the rate of change of money at time t )  is propor- 
tional to (that is, is a constant fraction, k, of) 
the amount, f ( t ) ,  of money that has been saved. 
(This is the case of continuous compound interest.) 
Then f satisfies the equation f'(t) = kf(t) .  This 
is a simple example of an ordinary differential 
equation, the solution of which is any function 
having the property that its derivative is k times 
the function. The solutions are f(t) = f(0) exp(kt), 
where f (0 )  denotes the initial amount of money 
at time t = 0. Another simple economic example 
is the differential equation that arises from the 
assumption that marginal cost always equals av- 
erage cost (that is, dC(x)/dx = C(x)/x) which 
has the solution that average cost is constant, that 
is, that C(x) = kx for some constant, k. 

Some laws of classical physics are formulated 
as second-order, linear, ordinary differential equa- 
tions of the form 

where f" is the derivative of f' ( f"  is called the 
second derivative of f )  and P, Q, and R are given 
functions. If, for example, f denotes distance, then 
this differential equation asserts that at each time 
t, a linear relation holds among distance, velocity, 
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and acceleration. A vast literature is concerned 
with the solutions to this class of equations for 
different restrictions on P, Q, and R ;  most of the 
famous special functions used in physics-Bessel, 
hyper geometric, Hankel, gamma, and so on-are 
solutions to such differential equations (see Cod- 
dington 1961). 

Partial differential equations. Many physical 
problems require differential equations a good deal 
more complicated than those just mentioned. For 
example, suppose that there is a flow of heat along 
one dimension, x. Let f (x , t )  denote the tempera- 
ture at position x at time t. With t fixed, one 
can find the rate of change (the derivative) of 
temperature with changes in x; denote this by 
df(x,t)/dx and its second derivative with respect 
to x by d2f(x,t)/ax? These are called partial de- 
rivatives. Similarly, holding x fixed, the derivative 
with respect to t is denoted by df(x,t)/dt. Accord- 
ing to classical physics, temperature changes due 
to conduction in a homogeneous one-dimensional 
medium satisfy the following partial differential 
equation : 

where h is the thermal conductivity, p the density, 
and u the specific heat of the medium. Problems 
involving two or more independent variables (usu- 
ally, time and some or all of the three space coor- 
dinates)-fluid flow, heat dissipation, elasticity, 
electromagnetism, and so on-lead to partial dif- 
ferential equations. Their solution is often very 
complex and requires the specification of the un- 
known function along a boundary of the space. 
This requirement is called a boundary condition. 
(See Akademiia Nauk S.S.S.R. [I9561 1964, chap- 
ter 6.) 

Integral equations. Some physical problems 
lead to integral equations. In one type, functions 
g and K of one and two variables, respectively, 
and a constant, A, are given, and the problem is 
to find those functions, f ,  for which 

This equation is called Fredholm's linear integral 
equation or the inhomogeneous linear integral 
equation. Basically, it asserts that the value of 
some quantity f at a point x is equal to an im- 
pressed value, g(x),  plus a weighted average of 
its value at all other points. Integral equations 
arise in empirical contexts for which it is postu- 
lated that the value of a function at a point de- 
pends on the behavior of the function over a large 
region of its domain. Thus, in the example just 
considered the value of f at x depends on the in- 

tegrand K(x, y) f (y )  integrated over the interval 
(a ,  b) .  There is a large body of literature dealing 
with the solution of various types of integral equa- 
tions, especially those of interest in physics and 
probability theory. 

Functional equations. Although both differen- 
tial and integral equations (and mixtures of the 
two, called integrodifferential equations) are ex- 
amples of functional equations, that term is often 
restricted to equations that involve only the un- 
known function, not its derivatives or integrals. 
A simple, well-known example is f(xy) = f(x) + f(y), 
which implicitly defines those functions that trans- 
form multiplication into addition. If f is required 
to be continuous, then the solutions are Kj;dz/z, 
where K is a positive constant; this integral is 
called the natural logarithm. The choice of K is 
usually referred to as the selection of the base of 
the logarithm. 

Difference equations are functional equations 
of special importance in the social sciences. They 
arise both in the study of discrete stochastic proc- 
esses (in learning theory, for example) and as 
discrete analogues of differential equations. Here 
the unknown function is defined only on the in- 
tegers (or, equivalently, on any equidistant set of 
points), not on all of the real numbers, and so the 
function is written f, = f ( n ) ,  where n is an in- 
teger. The equation states a relation among values 
of the unknown function for several successive 
integers. For example, the second-order, linear 
difference equation-the analogue of the second- 
order, linear, ordinary differential equation, de- 
scribed above-is of the form 

In some probabilistic models of the learning 
process it is postulated (or derived from more 
primitive assumptions) that the probability of a 
particular response on trial n + 1, denoted by p,,, , 
is some function of p, and of the actual events 
that occurred on trial n. The simplest such as- 
sumption is the linear one, that is, p,,, = ap, + p, 
where a and p are parameters that depend upon 
the events that actually occur. If there is a run of 
trials during which the same events occur, so that 
a and p are constant, then the solution to the 
above first-order, linear difference equation is 

When different events occur on different trials, the 
equation to be solved becomes considerably more 
complex. An introduction to difference equations 
is Goldberg ( 1958 ) . 

Given a functional equation-in the most gen- 



MATHEMATICS 6 9 

era1 sense-the answer to the question of whether 
a solution exists is not usually obvious. Exhibiting 
a solution, of course, answers the question affirma- 
tively, but often the existence of a solution can be 
proved before one is found. Such a result is known 
as an existence theorem. If a solution exists, it is 
also not usually obvious whether it is unique and, 
if it is not unique, how two different solutions 
relate to one another. A statement of the nature 
of the nonuniqueness of the solutions is known, 
somewhat inappropriately, as a uniqueness theo- 
rem. Some rather general existence and uniqueness 
theorems are available for differential and integral 
equations, but in less well understood cases con- 
siderable care is needed to discover just how re- 
strictive the equation is. 

A general work on functional equations is 
Aczel ( 1966 ) . 

Three other areas of classical analysis. Three 
other branches of classical analysis will be briefly 
discussed. 

Extremum problems. For what values of its 
argument does a function assume its maximum or 
its minimum value? This type of problem arises 
in theoretical and applied physics and in the social 
sciences. In its simplest form, a real-valued func- 
tion f is defined over some interval of the real 
numbers, and the problem is to find those x, for 
which f(x,) is a maximum or a minimum. If f 
is differentiable and if x, is not one of the end 
points of the interval, a necessary condition is that 
f'(xo) = 0; moreover, x, is a local maximum if 
f"(x,) < 0 and a local minimum if fu (x0)  > 0. 
(These statements should be intuitively clear for 
graphs of simple functions.) From these results it 
is easy to find, for example, which rectangle has 
the maximum area when the perimeter is held 
constant: it is the square whose sides are each 
equal to a quarter of the perimeter. 

A much more difficult and interesting problem- 
the subject of the calcu2us of variations-is to find 
which function (or functions) f of a given family 
of functions causes a given function F of f (known 
as a functional) to assume its maximum or mini- 
mum value. For example, let f be a continuous 
function that passes through two fixed points in 
the plane, and let F ( f )  be the surface area of the 
body that is generated by rotating f about the ab- 
scissa. A question that may be asked is "For which 
f (or f's) is F ( f )  a minimum?" A major tool in 
the solution of this problem is a second-order, or- 
dinary differential equation, known as Euler's 
equation, that f must necessarily satisfy (just as 
the solution x, to the simpler problem necessarily 
satisfies f'(x,) = 0) .  (See Akademiia Nauk S.S.S.R. 
[I9561 1964, chapter 8.) 

Within the past twenty years new classes of 
extremum problems have been posed and partially 
solved; they are mainly of concern in the social sci- 
ences, and they go under the names of linear, non- 
linear, and dynamic programming. An example of 
a linear programming problem is the following diet 
problem. Each of several foodstuffs, f , ,  f,, . - .  , fk, 
contains known amounts of various nutritional 
components, such as vitamins and proteins. Let 
f,, be the amount of component j in food f i  , j = 1, 
2,. . . , n, and let a j  be the minimum amount of 
component j acceptable in the diet. If xi is the 
amount of food f i  in the diet, the diet will be ac- 
ceptable only if the following n inequalities are 
fulfilled : 

If pi denotes the price of food f i ,  the problem is 
to choose the x, so as to minimize the cost, 

while fulfilling the above linear inequalities. [See 
PROGRAMMING.] 

Functions of a complex variable. One of the 
most beautiful subfields of analysis is the theory 
of functions of a complex variable, which was de- 
veloped in the nineteenth century, starting with 
the work of Cauchy. It has been significant in 
the growth of several two-dimensional, continuous 
physical theories, including parts of electromag- 
netism, hydrodynamics, and acoustics, but so far 
its applications in the social sciences have been 
mainly restricted to mathematical statistics, as 
in the concept of the characteristic function of a 
probability distribution. A complex number, z ,  is 
of the form z = x + iy, where x and y are real 
numbers and i = V 7 .  Sums and products are 
defined in such a way that the resulting arithmetic 
reduces to that of the ordinary numbers when 
y = 0. Because a point (x,y) in the plane can be 
(usefully) identified with the complex number 
x + iy, functions from the plane into the plane 
can be interpreted as complex-valued functions of 
a complex variable. If the derivative of such a 
function exists at all points of a region, deriva- 
tives of all orders exist and the function can be 
expressed as a convergent power series of the form 
a, + a,z + a,z2 + . . . for some circle of z's within 
that region. It is clear from this result that the 
mere supposition that the derivative exists is a 
much stronger condition for complex-valued func- 
tions than for ordinary numerical functions. Such 
functions, which are called analytic, are very 
strongly constrained-among other things, speci- 
fying an analytic function over a small region de- 
termines it completely-and this fact has been 
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effectively exploited to solve many two-dimensional 
problems of theoretical and practical interest. In- 
terestingly, the theory cannot be neatly generalized 
beyond two dimensions. An introductory work on 
functions of a complex variable is Cartan ( 1961 ). 

Integral transforms. Suppose that f is any 
continuous, real-valued function defined over an 
interval from a to b and that K is a fixed, con- 
tinuous, real-valued function of two variables, the 
first of which is also on the interval from a to b; 
then I(f, y) = lab K(x, y) f(x) dx is called an integral 
transform of f .  If K satisfies certain restrictions, 
knowing I is equivalent to knowing f .  Nevertheless, 
if K is carefully chosen, I may have convenient 
properties not possessed by f. For example, if a = 0 ,  
b = co, and K(x,y) = e-zu, then I, which is then 
known as the Laplace transform and which is 
closely related to the moment-generating function 
of statistics, has the property that it converts cer- 
tain integrals (convolutions) of two functions into 
multiplications of their transforms. In statistics 
such a convolution represents the distribution of 
the sum of two independent random variables. 
Another well-known and important example is the 
Fourier transform, which is used widely in statis- 
tics, and to a lesser extent in probabilistic models 
of behavior, to obtain a probability distribution 
from its characteristic function. 

Theory of numbers 

Despite several intellectual crises that led math- 
ematicians to introduce new types of numbers into 
mathematics, it was not until about a hundred 
years ago that numbers were treated as being 
something other than intuitively understood. The 
natural numbers, 1 ,2 ,3 ,  . . . , and their ratios, the 
positive rationals, are ancient concepts. The Greeks 
first noted their incompleteness when they showed 
that they are inadequate to represent V8, the 
length of the diagonal of a square whose side is of 
length 1. Certain irrational numbers had to be 
added, and later 0,  negative numbers, and complex 
numbers were added so that certain classes of 
equations would all have solutions. To clarify this 
patchwork and to understand the uniqueness of 
the additions, nineteenth-century mathematicians 
undertook the axiomatization of various aspects of 
the number system. Perhaps the inost subtle step 
was the definition of irrational numbers in terms 
of sets of rational numbers (roughly, the set of all 
rationals less than the irrational to be defined). 

The axiomatization of numbers is not really the 
mainstream of the "theory of numbers." When one 
sees a book or course with that title, it usually 
refers to the study of properties of the natural 
numbers, mainly the prime numbers. Recall that 

an integer is prime if it is divisible only by 1 and 
itself; the first few primes are 3, 5, 7, 11, and 13. 
In addition to the many results that can be proved 
directly (some of which were known to the an- 
cients), such as that every integer can be repre- 
sented uniquely as the product of powers of primes 
and that there are infinitely many primes, other 
results have depended upon the application of deep 
results from analysis. For example, parts of the 
theory of functions of a complex variable were 
used to show that the number of primes not larger 
than n divided by the number n/ln n, where Inn 
is the natural logarithm of n ,  that is, j;dx/x, is a 
ratio that approaches 1 as n becomes large. Not 
only has this work greatly increased the depth of 
understanding of integers, but it has fed back into 
analysis and was one of the factors leading to the 
development of parts of contemporary abstract 
algebra. 

Many applications of mathematics (for example, 
in statistics) involve counting the number of 
distinct events or objects that satisfy certain condi- 
tions; often these counting problems are quite dif- 
ficult. Theorems providing explicit formulas or 
recursion schemes are called combinatorial theo- 
rems. One of the earliest important examples was 
the binomial theorem for the expansion of ( a  + b)", 
which is now part of every elementary algebra 
course. [See PROBABILITY, article on FORMAL PROB- 

ABILITY .] 
A general introduction to the theory of numbers 

is Ore ( 1948). 

Algebra 

Classically, algebra was the theory of solving 
equations expressed in terms of the four arithmet- 
ical operations-addition, subtraction, multiplica- 
tion, and division. The linear and quadratic equa- 
tions of elementary algebra are familiar examples. 
Historically, the expression of mathematical prob- 
lems in the form of equations, using letters to 
stand for the unknown numbers, was a major step 
in clarifying and simplifying the mathematical 
nature of many kinds of problems. Perhaps the 
most important consequence of the introduction of 
letters and the use of equations was the extension 
of routine methods of calculation to quite compli- 
cated settings. The introduction of algebraic equa- 
tions probably ranks in importance in the history 
of ideas with the earlier invention, probably first 
by the Babylonians, of the place-value system of 
notation for numbers; such a system was needed 
to develop simple algorithms for performing arith- 
metical computations. 

The general theory of algebraic equations, the 
elementary parts of which are studied in high 
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school, has a long and distinguished history in 
mathematics. The proof by Niels Henrik Abel in 
1824 that solutions of an algebraic equation of de- 
gree five or greater, where the degree is the highest 
exponent of any term in the equation, cannot be 
expressed in terms of radicals (that is, expressions 
definable in terms of square roots) was one of the 
most important mathematical results of the first 
half of the nineteenth century. Another result of 
basic importance is the fundamental theorem of 
algebra, which was first proved in the eighteenth 
century but which was proved rigorously only in 
the last half of the nineteenth century. This theo- 
rem asserts that every algebraic equation always 
has at least one root that is a real or a complex 
number. Also of great significance were the proofs 
that not all numbers are roots of algebraic equa- 
tions; numbers that are not such roots are called 
transcendental numbers. The most famous proofs 
of this sort are Charles Hermite's (in 1873) that e 
is transcendental and F. Lindemann's (in 1882) 
that .rr is transcendental. 

Orderings. Much of the work in algebra during 
the present century has been devoted to generalized 
mathematical systems that are characterized not 
in terms of the four fundamental arithmetical op- 
erations but in terms of generalizations of these 
operations and of the familiar ordering relations 
of "less than" and "greater than." 

In a number of the social sciences the theory of 
binary relations has received extensive application. 
From an algebraic standpoint a binary relation 
structure may be characterized as consisting of a 
set A and a set R of ordered pairs ( x ,  y ) ,  where 
x and y are both elements of A. Such an R is called 
a binary relation on A. A relation R is said to be 
a partial ordering of A when it is reflexive, anti- 
symmetric, and transitive-that is, when it satis- 
fies the following three properties : reflexive : for 
every x in A, xRx; antisymmetric: for every x and 
y in A, if xRy and yRx, then x = y; transitive: for 
every x, y, and z in A, if xRy and yRz, then xRz. 
If R is also connected in A (that is, if for any two 
elements x and y in A with x # y, either xRy or 
yRx) then R is said to be a complete or simple 
ordering or, sometimes, a linear ordering of A. The 
concept of a complete ordering is a direct abstrac- 
tion of the order properties of "G" with respect to 
the real numbers. A familiar use of the concept of 
an ordering relation is in utility theory, particularly 
in the classical theory of demand in economics, in 
which it is assumed that each individual has an 
ordering relation over the set of commodity bundles 
or, more generally, over the set of alternatives with 
which he is presented. The general concept of 
ordering relations also has far-ranging applications 

in the theory of measurement within psychology 
and sociology, and more general binary relations 
have been extensively applied in anthropology in 
the study of kinship systems. 

Partial orderings can be extended in another 
direction by imposing additional conditions to ob- 
tain lattices, which have also been used in the 
social sciences. In a different direction, but still 
within the framework of binary relations, is the 
theory of  graphs, in which no restrictions are 
placed on the binary relation, R. Applications of 
graph theory have been made to social-psycholog- 
ical and sociological problems, especially to pro- 
vide a mathematical method for representing var- 
ious kinds of relationships between persons. 

Groups, rings, and fields. Another direction of 
generalization of classical algebra has been to what 
are called groups, rings, and fields. A group is a 
set A together with a binary operation, o, satisfy- 
ing the following axioms. First, the operation o is 
associative, that is, for x ,  y, and z in A, x o ( y  o z )  
= ( x  o y )  o z.  Second, there is an element e, called 
the identity, of the set A such that for every x in 
A, x o e = e o x = x. And, finally, for each element 
x of A there is an inverse element x-I such that 
x o x-I = e. It is obvious that if A is taken as the 
set of integers, o as the operation of addition, e as 
the number 0 ,  and the inverse of x as the negative 
of x, then the set of integers is a group under the 
binary operation of addition. The theory of groups 
has had profound ramifications in other parts of 
mathematics and in the sciences, ranging from the 
theory of algebraic equations to geometry and 
physics. The reason for the fundamental impor- 
tance of group theory is perhaps best summarized 
by stating that a group is the appropriate way to 
formulate the very important concept of symmetry. 
In the range of applications of group theory just 
mentioned, the underlying thread is the concept 
of symmetry, whether it is in the symmetry of the 
roots of an equation or the symmetry properties of 
the fundamental particles of physics. As a simple 
example, consider the finite group of rotations 90°, 
180°, 270°, and 360". A square does not change its 
apparent orientation under such a rotation about 
its center, but an equilateral triangle does. This 
group of rotations is the symmetry group of rota- 
tions for a square but not, of course, for an equi- 
lateral triangle. Although the methods and results 
of group theory have not yet had special applica- 
tions of depth in the social sciences, they are im- 
portant to many of the general mathematical re- 
sults that have been applied. 

The theories of rings and fields represent rather 
direct generalization of arithmetical properties of 
the number system. The theory of groups is fun- 
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damentally a generalization of the concept of a 
single binary operation, such as addition or multi- 
plication, whereas rings and fields are algebraic 
systems that have two fundamental operations. 
The most familiar example of a field or of a ring 
is the set of rational numbers or of real numbers 
with respect to the operations of addition and 
multiplication. 

Boolean algebras. Algebraic aspects of the the- 
ory of sets have been studied under the heading 
of Boolean algebras. The concept of an algebra of 
sets, that is, a collection of sets closed under union 
and complementation, is fundamental in the mod- 
ern theory of probability, where events are inter- 
preted as sets of possible outcomes and numerical 
probabilities are assigned to events. [See PROBABIL- 
ITY, article 072 FORMAL PROBABILITY.] 

Isomorphism and homomorphism. It should 
be mentioned that certain very general mathemat- 
ical concepts find their most natural definition and 
application in modern algebra. One of the most im- 
portant concepts is that of the isomorphism of two 
mathematical systems. An isomorphism is a one- 
to-one mapping of a system A onto a system B in 
which the operations and relations of A are pre- 
served under the mapping and have the same struc- 
ture as the operations and relations of system B. 
If the mapping is not one-to-one but the operations 
and relations are preserved, then it is called a 
homomorphism. A well-known application of the 
concept of isomorphism in the social sciences is 
in theories of fundamental measurement in which 
one shows that an appropriate algebra of empirical 
operations is isomorphic to some numerical alge- 
bra. It is this isomorphism that permits the direct 
application of computational methods to the results 
of measurement. 

Introductory works on algebra, both for this and 
for the next section, are Birkhoff and MacLane 
( 1941 ) and Mostow, Sampson, and Meyer ( 1963). 

Vector spaces and matrix algebra 

Linear algebra is one of the most important 
generalizations of classical elementary algebra. The 
objects to which the operations of addition and 
multiplication are applied are now matrices, vectors 
of an n-dimensional space, and linear transforma- 
tions (an n x n matrix is a particular represen- 
tation of a linear transformation in n-dimensional 
space). More particularly, linear algebra arises as 
a generalization of the linear equations so familiar 
in elementary algebra, and historically one of the 
most important tasks of linear algebra has been to 
find solutions of systems of linear equations. As 
many research workers in the social sciences know, 

the numerical solution of linear equations can be 
an extremely laborious and difficult affair when 
the number of equations is large. The set of co- 
efficients of a system of linear equations gives rise 
to the concept of a rectangular array of numbers, 
which is precisely what a matrix is. An algebra of 
matrices in terms of addition and multiplication 
may be constructed; the distinguishing feature of 
this algebra, as compared with the algebra of the 
real numbers, is that multiplication is not commu- 
tative-that is, AB is not usually equal to BA, and 
the product of two nonzero matrices can be zero. 

The intuitive geometric concept of a vector may 
be represented by a column or row of n num- 
bers, and an algebra of vectors, which bears a 
close resemblance to the algebra of numbers, may 
be constructed. Simple (linear) transformations of 
vectors, such as rotations and stretches of the co- 
ordinate system in space, can be interpreted as 
multiplication by matrices. The interaction be- 
tween the geometrical intuitions about n-dimen- 
sional space and the algebraic techniques of cal- 
culation provided by linear algebra and the theory 
of matrices have made them powerful tools in the 
application of mathematics to many parts of sci- 
ence. These applications have been particularly 
prominent in statistics (for example, in factor 
analysis), as well as in economics, where it is often 
useful to treat n-dimensional bundles of commod- 
ities as vectors. 

Topology and abstract spaces 

Intuitively, a topological transformation of a 
geometrical figure or object is a deformation that 
introduces neither breaks nor fusions in the object. 
Put more exactly, a topological transformation is 
one that is one-to-one, is continuous, and has a 
continuous inverse. If one starts with a circle- 
perhaps the best example of a simple closed curve 
-one can deform it topologically into an ellipse or 
into the shape of a crescent, but one cannot de- 
form it topologically into a figure eight, for ex- 
ample, because then two distinct points of the 
circle are fused as the intersection point of the 
eight. Also, one cannot deform it into a straight 
line segment, because to do so would introduce a 
break in the circle. Many familiar qualitative geo- 
metrical properties are topological invariants in the 
sense that they are not altered (are invariant) 
under topological transformations. Examples are 
the property of being inside or outside a closed 
figure in the plane; the property of a surface being 
closed, such as the surface of a sphere or an ellip- 
soid; or the property of the dimension of an object. 
For example, the surface of a sphere cannot be 
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topologically transformed into a one-dimensional 
curve or a three-dimensional sphere. We shall not 
attempt here to give an exact definition of con- 
tinuity as it is used in topology; we simply remark 
that it is a reasonable generalization of the concept 
of continuity used in analysis. 

Topological methods and results have far-reach- 
ing applications in many branches of mathematics, 
but as yet the methods themselves have not been 
directly applied in those parts of the social sciences 
concerned extensively with empirical data. The 
most direct applications have been in economics, 
where topological fixed-point theorems have been 
of great importance in investigating the conditions 
guaranteeing the existence of a stable equilibrium 
in a competitive economy. The classical example of 
a fixed-point theorem-first proved by L. E. J. 
Brouwer, at the beginning of this century-states 
that for every topological mapping of an n-dimen- 
sional sphere into itself there is always at least 
one point ,that maps into itself, that is, remains 
fixed. Familiar examples of such mappings are ro- 
tations in two or three dimensions for which the 
center of the rotation is the fixed point of the 
transformation. 

Topological space. As a typical example of ab- 
straction in modern mathematics, the initial con- 
cept of a topological transformation of familiar 
geometrical figures has led to the general abstract 
notion of a topological space. Roughly speaking, 
a topological space consists of a set, X, and a fam- 
ily, O, of subsets of X, called open sets, for which 
the following four conditions are satisfied : the 
empty set is in Ef; X is in Ef; the union of arbi- 
trarily many sets each of which is in r7 is also in 
8; and the intersection of any finite number of 
sets from 3 is also in 3. The concept of an open 
set is a generalization of the notion of an open 
interval of real numbers (an interval that does not 
include its end points). For example, the natural 
topology of the real line is the family of open in- 
tervals together with the sets that are formed from 
arbitrary unions and finite intersections of open 
intervals. Generally speaking, the notion of open 
set is used to express the idea of continuity. The 
important thing about a continuous function is 
that it does not jumble neighboring points too 
much, and this requirement may be expressed by 
requiring of a topological transformation that open 
sets be mapped into open sets and that the inverse 
of an open set be an open set. 

Metric space. Other kinds of abstract spaces 
have come into prominence in the development of 
topology. Perhaps the most important is the con- 
cept of a metric space. A set, X, together with a 

distance function, d ,  that maps pairs of points into 
real numbers is called a metric space if d satisfies 
the following conditions: d ( x ,  y )  = 0 if and only 
if x = y, that is, the distance between x and y is 
0 if and only if x and y are the same point; 
d ( x ,  y )  2 0, which asserts that distance is a non- 
negative real number; d ( x ,  y )  = d ( y ,  x ) ,  that is, 
distance is symmetric; and, finally, d ( x ,  y )  + 
d ( y ,  z )  2 d ( x ,  z ) ,  which is known as the triangle 
inequality. The concept of a metric space has had 
important applications in many parts of mathe- 
matics and is a fundamental concept in modern 
mathematics. It has been applied in recent work 
in scaling theory in psychology and sociology, par- 
ticularly to the problems of multidimensional scal- 
ing, and also in certain areas of mathematical 
economics [see SCALING]. It is clear that the notion 
of a metric space generalizes, in a very natural 
way, the concept of distance in Euclidean space. 

A typical metric problem raised in the social 
sciences is this: Given data in the form of "dis- 
tances" among a finite set of points, what is the 
smallest dimensional Euclidean space within which 
the points can be embedded so that these distances 
equal the Euclidean or some other preassigned 
metric of that space? Recently this problem has 
been effectively generalized by permitting certain 
transformations of the "distances" that preserve 
their metric property. Little has yet been done 
about embeddings in non-Euclidean spaces. 

An introductory work on topology is Hocking 
and Young ( 1 9 6 1 ) .  

Foundations 

As was remarked above, the concept of a rigor- 
ous mathematical proof originated in ancient Greek 
mathematics. The modern formal axiomatic meth- 
od, characteristic of twentieth-century mathemat- 
ical research and one of the most important topics 
to be clarified in modern research on foundations 
of mathematics, is conceptually very close to the 
approach followed in Euclid's Elements. The main 
difference is that the primitive concepts of the 
theory are now treated as undefined or meaning- 
less. All that is assumed about them must be 
formally expressed in the axioms. In contrast, in 
the Elements primitive concepts such as those of 
point and line are given an interpretation or mean- 
ing from the very beginning. This modern concep- 
tion originated with David Hilbert, who provided 
the first complete, modern axiomatization of geom- 
etry in 1889. It is customary to say that the con- 
cepts of the theory are implicitly defined by the 
axioms. What is not recognized often enough is 
that the collection of axioms together explicitly de- 
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fines the theory embodied in the concepts. Thus, in 
slightly more exact phrasing, the axioms of Eu- 
clidean geometry define the theory of Euclidean 
geometry by defining the phrase "is a model of 
Euclidean geometry." In the same fashion, the 
axioms of group theory define the theory of groups 
by specifying what kinds of objects are called 
groups or, in other words, what kinds of objects 
are models of the theory of groups (here we are 
using the term "model" in the logical or mathemat- 
ical sense). 

A more particular aim of foundational research 
has been to provide a set of axioms that would 
serve as a basis for the main body of mathematics. 
At least three major positions on the foundations 
of mathematics have been enunciated in the 
twentieth century; they differ in their conception 
of the nature of mathematical objects. 

Intuitionism. Intuitionism holds that in the 
most fundamental sense mathematical objects are 
themselves thoughts or ideas. The intuitionist holds 
that one can never be certain that he has correctly 
expressed the mathematics when it is formalized 
as a mathematical theory. As part of this thesis, 
the classical logic of Aristotle, in particular the law 
of excluded middle, has been challenged by Brou- 
wer and other intuitionists because it permits the 
derivation of purely existential, nonconstructive 
statements about mathematical objects. In partic- 
ular the validity of classical reductio ad absurdz~nz 
proofs depends upon this logical law. Although 
intuitionists express themselves in a way which 
suggests a psychological analysis of mathematics, 
it should be emphasized that their conception of 
mathematical objects as thoughts has not been 
seriously explored by any intuitionists from the 
standpoint of scientific psychology. 

Platonism. A second view of mathematics, the 
Platonistic one, is that mathematical objects are 
abstract objects that exist independently of human 
thought or activity. Those who hold that set theory 
or logic itself provides an appropriate foundation 
for mathematics (adherents of logicism) usually 
adopt some form of Platonism in their basic atti- 
tude. From the standpoint of working mathe- 
matics, set theory-and thus Platonism-has been 
the most influential conception of mathematics in 
this century. Set theory itself originated in the late 
nineteenth century with the revolutionary work of 
Georg Cantor. Its foundations were called into ques- 
tion by Bertrand Russell's discovery of a simple 
paradox which arises in considering the set of all 
objects that are not members of themselves. If it 
is supposed that to every property there corre- 

sponds the set of objects having this property, then 
a contradiction within classical logic may easily be 
derived by considering the set whose members are 
those and only those sets that are not members of 
themselves. An apparently satisfactory foundation 
for set theory, which avoids this and related para- 
doxes, was formulated in 1908 by Ernst Zermelo, 
and with suitable technical extensions it provides 
a satisfactory basis for most of the mathematics 
published in this century. 

Formalism. The third influential position on 
the foundation of mathematics, called formalism, 
was developed by Hilbert and others. This view is 
that the primary mathematical objects are the 
symbols in which mathematics is written. This car- 
ries to the extreme the development of the axio- 
matic method begun by the Greeks. Under the 
formalist account the interpretation and use of 
mathematics must then be given from outside pure 
mathematics. From a psychological or behavioral 
standpoint, there is much that is appealing about 
formalism, but again little effort has yet been 
made to relate the detailed results and methods of 
formalism to theoretical or experimental work in 
scientific psychology. 

Relevance of research on foundations. In view 
of the high degree of agreement about the validity 
of most published pieces of mathematics, the skep- 
tical social scientist may question the real rele- 
vance of these varying views about the foundations 
of mathematics to working mathematics itself. 
There is a highly invariant content of mathematics 
recognized by almost all mathematicians, including 
those concerned with the foundations of mathe- 
matics, and this invariant content is essentially 
untouched by radically different philosophical 
views about the nature of mathematical objects. A 
reasonable conjecture is that future research in the 
foundations of mathematics will attempt to cap- 
ture this invariant content by concentrating on the 
character of mathematical thinking i-ather than on 
the nature of mathematical objects. 

One other important aspect of foundational re- 
search in the twentieth century is the fundamental 
work on mathematical logic, in particular the at- 
tempt by Gottlob Frege, A. N. Whitehead, Bertrand 
Russell, and others to reduce all of mathematics to 
purely logical assumptions. These efforts have led 
to great clarification of the nature of mathematics 
itself and to vastly increased standards of precision 
in talking about mathematical proofs and the 
structure of mathematical systems. Of major im- 
portance were the deep results of Kurt Gijdel (1931 ) 
on the logical limitations of any formal system rich 
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enough to express elementary number theory. His 
results show that any such formal system must be 
essentially incomplete in the sense that not all true 
sentences of the theory can be proved as theorems. 

An introductory work on foundations is Knee- 
bone (1963). 

Mathematics applied to social sciences 

Applications of mathematics to specific social 
science problems are described, and detailed refer- 
ences are given, elsewhere in this encyclopedia. 
That material is not repeated here; several reason- 
ably general references are Allen ( 1938), Coleman 
(1964), Kemeny and Snell (1962), Luce (1964), 
Luce, Bush, and Galanter ( 1963-1965), Samuel- 
son (1947). Suffice it to say that these applica- 
tions involve only fragments of the whole of math- 
ematics, and they have not been as successful as 
those in the physical sciences. The reasons are 
many, among them these: the effort so far ex- 
pended is much less; the basic empirical concepts 
and variables have not been isolated and purified 
to the same degree; mathematics grew up with 
and was to some extent molded by the needs of 
physics, and so i t  may very well be less suited to 
social science problems if these problems are of a 
basically different character from those of physics; 
a typical social science problem appears to involve 
more variables than one is accustomed to handling 
in physics; and, finally, social scientists are gen- 
erally not extensively trained in mathematics. 

A social scientist who attempts to formulate and 
solve a scientific problem in mathematical terms 
is often disappointed with the mathematics he can 
find. This may happen simply because a mathe- 
matical system appropriate to his problem does not 
seem to have been invented, or, as is more com- 
mon, the definite and often quite complex mathe- 
matical system that he happens to want to under- 
stand in depth has not been investigated in any 
detail. In this century especially, mathematicians 
have tended to focus on very general classes of 
systems, and the theorems concern properties that 
are true of all or of large subclasses of them; how- 
ever, these results do not usually provide much 
detailed information about any particular member 
of the class. 

As an example, the axioms of group theory are 
not categorical-that is, two groups need not be 
isomorphic. Therefore, theorems about groups in 
general tell one little about the specific properties 
of a particular group. But this is what is of interest 
when a particular group is used to represent an 
empirical structure, as in modern particle physics. 

When this happens, it is necessary for the applied 
mathematician to carry out considerable mathe- 
matical analysis to achieve the understanding he 
needs to answer scientifically interesting questions. 

We have already discussed two parts of math- 
ematics in which highly specific systems have been 
explored in depth: classical analysis and matrix 
algebra. A primary motivation for this detailed 
work was the needs of physical science. In fortu- 
nate instances, a problem may be formulated in 
terms of one of these systems, in which case spe- 
cific results can sometimes be extracted from the 
existing literature. Examples where this has been 
done are in the application of matrix algebra to 
factor analysis and of Markov chains ( a  part of 
probability theory) to several areas, including 
learning, social interaction, and social structure 
[see FACTOR ANALYSIS; MARKOV CHAINS]. 

Theory as detailed as this, however, is not typ- 
ical of contemporary mathematics. We have in 
mind such active areas as associative and non- 
associative algebras. homological algebra, group 
theory, topological groups, algebraic topology, rings, 
manifolds, and functional analysis. 

The generality of contemporary mathematics 
can be seductive in that it invites sophistic treat- 
ments of scientific problems. It is often not difficult 
to find some general branch of mathematics within 
which to cast a specific social or behavioral prob- 
lem without, however, actually capturing in detail 
the various constraints of the problem. Without 
these constraints few explicit results and predic- 
tions can be proved. Nevertheless, the real empti- 
ness of such endeavors can be shrouded for the 
unwary in the impressive symbolism and ringing 
terms of whatever mathematics it is that is not 
being seriously used. 

If the growth of the social sciences parallels at 
all that of the physical sciences, they will study in 
detail various systems, which, although of periph- 
eral mathematical interest, are of substantive in- 
terest. Indeed, some examples already exist, includ- 
ing these: (1  ) Just as classes of maximum and 
minimum problems have been formulated and 
solved in the physical sciences, other classes have 
arisen in the social sciences, such as linear, non- 
linear, and dynamic programming, game theory, 
and statistical decision theory. (2) Various mathe- 
matical structures that may correspond to (parts 
of) empirical structures have been investigated, 
for example, aspects of the theory of relations and 
the closely related theory of graphs, matrix algebra, 
and concatenation algebras, which arose in the 
study of grammar and syntax. ( 3 )  Underlying the 




