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THE MATHEMATICS USED IN MATHEMATICAL PSYCHOLOGY
R. DUNCAN LUCE, University of Pennsylvania

Introduction. The main issue in applying mathematics to psychological prob-
lems today, and most likely for some time to come, is the formulation of these
problems in mathematical terms. The solution of difficult but well-formulated
mathematical problems and the analysis of complex applied problems in terms
of precise and well-confirmed theories are more secondary efforts. We do not
yet have the basic concepts and variables staked out in a way that makes the
introduction of mathematics the relatively straightforward business that it has
become in much of physical science. We are in a situation somewhat analogous
to sixteenth, or hopefully seventeenth, century physics, but the analogy is far
from complete. We resemble the early physicists in our effort, often fumbling
and always slow, to isolate and purify the fundamental variables from the
myriad, vague, commonsense psychological ideas and concepts. We differ in the
range of techniques available to us. The modern electronics technology, includ-
ing high speed computers, provides us with a control over experimental condi-
tions and a computational capacity for data analysis incomparably more ex-
tensive and subtle than those with which the early physicists had to contend.
In addition, most of the mathematics and statistics we now use was quite un-
known three centuries ago.

Applications to what psychology? The current applications of mathematics to
parts of psychology are precisely that—applications to portions of the total
field. To the great satisfaction of many who do not necessarily view with favor
the increasing mathematical complication of the psychological literature, huge
portions of both academic and applied psychology are essentially free from
mathematical inroads. The main areas that have been affected are those usually
grouped together as “experimental” psychology, which is a misnomer because
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experiments are also performed in the “nonexperimental” areas. By convention,
however, experimental psychology equals basic research into such fundamental
psychological processes as learning, sensation, perception, and motivation. What
is popularly viewed as psychology—abnormal, child, personality, and much of
social psychology—has not been seriously influenced by any mathematical de-
velopments other than classical statistics, especially testing of hypotheses which
is used extensively, if not always well, throughout psychology. (I shall not
comment here about the role of either statistics or computers in psychological
research. Both are extremely influential, and the mathematical community,
whether it likes it or not, is bound to be involved to some extent in the problems
that they create, but it is enough for this paper to deal just with mathematical
applications.)

With our attention confined to mathematical attempts to understand the
data that arise from laboratory experiments that are designed to elucidate
fundamental psychological processes, certain features of these experiments
should be made explicit because they exert a considerable impact upon the
mathematics that we use. Laboratory experiments elicit behavior which differs
in various ways from most ordinary, on-going behavior. Although a number of
exceptions can be cited, by and large time is rendered discrete in the laboratory,
i.e., the temporal pattern of events is structured in some fashion into trials. It is
obvious that ordinary experience is not so neatly packaged. The stimulation to
the subject—not his total environment, but those aspects of it to which we want
him to attend—is usually delivered as discrete, repeatable bursts of some sort or
other. The subject’s possible responses, either those he is instructed to make or
those we choose to observe, are frequently restricted to a discrete set (more
often than not, a small finite one). Again, this is sometimes the case in nature,
but certainly not the rule. Many ordinary situations possess a certain open-
endedness or freedom of response which makes them difficult to study; life’s
richness is sufficiently impoverished in the laboratory that we can bring to bear
our conceptual and calculating tools. Finally, the information feedback and the
rewarding or punishing outcomes of an experiment are ordinarily discrete and
delivered to the subject immediately after he responds. This is certainly not
typical of modern life, in which people continually face long delayed and, more
often than not, diffuse feedback and rewards. For a more exact characterization
of this class of experiments, (see [4]).

Thus, there is little doubt that significant differences exist between the lab-
oratory experiments we are trying to model in mathematical terms and everyday
behavior. Most psychologists hope that one day we may gain some insight into
socially significant behavior through the phenomena and laws discovered by
means of our restricted and often artificial experimental designs, but the con-
siderable difference between the two types of behavior is a raw fact that cannot
be denied, and the bridges linking them do not seem to be easy to construct.

The reasons for these experimental abstractions are not primarily mathe-
matical, although to a minor extent the general dispersion among scientists of
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elementary mathematics may have had its impact upon experimental designs.
By and large, however, these restrictions to discrete time, stimuli, responses, and
outcomes have been imposed by experimentalists so that 1) experiments can be
completed in reasonable periods of time, and 2) the resulting data records will be
reliable and amenable to certain types of analysis. As disturbing as it may seem,
much of what we do in a psychological laboratory is forced upon us by data re-
cording and analysis problems.

From a mathematician’s point of view, the effect of these procedures is to
limit somewhat the kinds of mathematics he can effectively employ: the con-
tinuous mathematics of classical analysis is not particularly well suited to the
discreteness of most psychological experiments. For example, psychological
problems are rarely formulated as differential equations, although such equa-
tions do arise sometimes in an incidental way in the solution of a problem cast
in other terms. But as far as actual formulation is concerned, the standard
methods of classical physics are little used and when they are the results are
not usually very interesting.

Enter numbers. In a way, I have gotten ahead of my story, for to talk about
formulating a problem in terms of classical analysis presupposes that the vari-
ables can be represented by numbers or vectors. This we take for granted in
much of physics, but for psychology and the other social and behavioral sciences
one of the most perplexing problems is how to introduce numbers in a meaning-
ful way. Perhaps we are too wedded to the familiar and should not try to bring
in numbers at all, and ultimately we may be forced by our subject matter to
other mathematical representations, but at present we seem to be relatively
helpless until we have a scalar or vector representation. There are reasons to
believe that the attempt to represent some psychological notions by numbers is
not a totally foolish goal. To be sure, the vector or scalar nature of our variables
is far less certain than it is for variables such as mass, velocity, etc. Nevertheless,
concepts such as the utility of a commodity, the loudness of a tone, or the bright-
ness of a light—subjective notions that to some extent parallel objective at-
tributes, in these cases, monetary worth, acoustic energy, and light energy—
all seem to have an intensive nature reminiscent of numerical scales in physics.
Mathematical psychologists and others in related areas are devoting some effort
to discovering whether or not this is a poor analogy or, to put it positively, to
finding out when we can justify the assignment of numbers to stimuli and out-
comes so as to create useful scales of utility, sensation, and the like. I use the
phrase “justify the assignment of numbers” intentionally. It is worse than use-
less for psychologists to parallel superficially textbook problems of physics by
saying: let H; denote the amount of hostility possessed by person ¢, let 4;; denote
the amount of aggression expressed by 7 towards j, etc. There are no reasons
that I know of to suppose that either of these notions, hostility or aggression,
and many others like them, are scalar quantities. To begin a problem in this way
is tantamount to throwing most of it away. At our present state of knowledge,
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to “suppose” a measurement problem out of existence is little more than a
feeble joke.

So one of our main tasks is to see whether we can sensibly represent some
psychological concepts numerically. There are two major techniques: one in-
volves probability concepts and leads to the main body of mathematical psy-
chology; the other, which has been much more incidental, attempts a more
fundamental approach. This I discuss first.

Fundamental measurement. If we examine theories of physical measure-
ment, as represented for example by the work of N. R. Campbell [6], we find
an important distinction between fundamental and derived measurement. The
essential feature of fundamental measurement is that only assumptions about
qualitative observations are made: no numbers enter into the axioms of the
theory. From these assumptions a numerical representation of the observations
is shown to exist. The axioms characterize observables such as the deflection
of a beam balance when objects are placed upon the two pans. The best known
system, that called extensive measurement, was devised to account for the
measurement of mass, length, etc. It involves a set Q of objects that are to be
measured, a binary operation o of “combination” or “concatenation” of any two
objects in  to form a third, and a qualitative ordering = of “not less than” over
Q such as that determined by the deflection of a balance. Typical axioms are:
if @ and b are in @, then @ o b is also in ©; the relation = is a weak ordering of Q;
if a=b, then a o c=b o ¢ for all ¢in €; and so on. Ultimately, one states a set of
axioms that is sufficient to prove a representation and uniqueness theorem of
the following form. There exists a function ¢:Q— real numbers such that

i. a=b (qualitatively) if and only if ¢(a) Zp(b) (numerically);

ii. for all a, b in Q, ¢(a 0 b) =¢(a)+¢(b);

iii. if ¢ and ¢* are two functions that both satisfy (i) and (ii), then there exists a
positive constant o such that ¢ =oap*. That is, the representation is unique up to a
similarity transformation or, in the language of modern measurement theory, the
variable in question can be represented as a ratio scale.

It would be most convenient for psychology to have an analogous theory in
which the axioms turned out to be empirically verifiable statements about the
behavior of human or animal subjects. Unfortunately, one apparently cannot
reinterpret simply the axioms of extensive measurement in psychological terms.
It is easy to give sensible psychological interpretations of @ and =, but it is
less easy to assign natural meanings to the concatenation operation. Our failure
to devise empirically acceptable interpretations of extensive measurement when,
nonetheless, we feel strongly that fundamental measurement ought to be pos-
sible has forced us to reconsider some of Campbell’s ideas [28]. He seemed to
feel that fundamental measurement is synonymous with extensive measure-
ment, that is, with a system leading to the three assertions above. In this, it is
generally agreed today, he was incorrect. As I have suggested, fundamental
measurement involves a system of axioms that is stated without any reference to
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the real numbers, that has an empirical interpretation which permits the axioms
to be checked directly, and from which it is possible to establish a numerical
representation of the undefined objects and relations of this system so that
condition (i) above is satisfied, (ii) is replaced by some appropriate condition, and
(iii) may be weakened somewhat to another fairly restrictive group of trans-
formations such as the positive linear transformations. Extensive measurement
is one example of fundamental measurement, but there are others.

Most of these examples of fundamental, nonextensive measurement have
arisen from the study of preference, a topic of concern in economics and sta-
tistics as well as psychology. One development was triggered by von Neumann
and Morgenstern’s [33 ] work on the expected utility hypothesis. Although their
theory is not an example of fundamental measurement (because probabilities
occur in the statement of the axioms), Savage’s generalization [26] is—in fact,
it provides for the simultaneous fundamental measurement of both utility and
subjective probability. Suppes and his collaborators [9], following up an idea
of the philosopher Ramsey [24], have devised a system for the fundamental
measurement of utility that differs from Savage’s in having only one chance
event. Pfanzagl [23] has presented a rather different axiomatization that in-
volves, essentially, the notion of bisection of two stimuli; it is closely similar to
an axiomatization of means given by Aczél [1]. Recently, Tukey and I [20]
have developed a system of fundamental measurement in which the basic in-
gredients are a weak ordering of objects having at least two independent com-
ponents. A physical realization that would satisfy our axioms, according to
classical physics, is the ordering of objects by momentum as measured by, say,
a ballistic pendulum; the two components of the objects are, in ordinary terms,
mass and velocity. Potential psychological examples—none of which has yet
been explored empirically—involve subject-determined orderings of stimuli that
have at least two independent coordinates. Preference of rats between pairs of
outcomes consisting of different amounts of food paired with different levels of
shock might be an example. We have shown that if the ordering satisfies certain
“reasonable” axioms, then a numerical representation exists that is additive
over the components and it is unique up to positive linear transformations; the
theory of extensive measurement can be extracted as a special case when the
two components are the same and one further axiom (involving the existence of
a null object) is added.

Work of this type, which I believe promises ultimately to help isolate funda-
mental psychological variables, constitutes only a tiny portion of current re-
search in mathematical psychology. For the most part, numbers enter in a
different way, somewhat analogous to what Campbell called derived measure-
ment. Typical physical examples of derived measurement are the usual defini-
tions of density and momentum in which the measure in question is expressed in
terms of two or more quantities that have been fundamentally measured al-
ready. His concept of derived measurement has to be stretched somewhat to
encompass most of our work, and so I shall not press this point in what follows.


































