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CHOICES AMONG UNCERTAIN OUTCOMES: A TEST O F  
A DECOMPOSITION AND T W O  ASSUMPTIONS 

O F  TRANSITIVITY 

By BETTY J. GRISWOLD, Columbia University, and 
R. DUNCAN LUCE, University of Pennsylvania 

During the past few years, considerable attention has been devoted to 
mathematical descriptions of choices among uncertain outcomes (gambles) 
and the theories based on these descriptions have led to numerous empiri- 
cal studies.l The guiding principle has been that choices can be repre- 
sented as a maximization of expected utility. More exactly, the idea is to 
assign, for every subject (S), utilities to gambles and subjective proba- 
bilities to events so that (1) the utility of a gamble equals the expecta- 
tion of the utilities of the constituent outcomes of the gamble relative to 
the subjective probabilities of the events upon which these outcomes are 
contingent; and ( 2 )  the ordering of the gambles by utility reflects S's 
preferences. The earliest theories were not probabilistic, which made them 
difficult to test because, even in a short series of judgments, the Ss often 
make intransitive and inconsistent choices. Whether this is due to some 
change in S during the experiment or whether it indicates a probabilistic 
determination of choices that permits certain local inconsistencies is not 
easy to decide. The second alternative is, however, simpler to formalize, 
hence it is explored first. 

Our starting point is a probabilistic theory that has been presented in 

* Received for publication November 18, 1958. This experiment was conducted 
at the Bureau of Applied Social Research, Columbia University, and was supported 
in part by National Science Foundation grants NSF-G2803 and G4506 and by 
National Institute of Health grant M-2293. Our thanks are due Professors Eugene 
Galanter and William J. McGill for advice concerning the design of this study. 

'See J. S. Chipman, Stochastic choice and subjective probability, in D. Willner 
(ed.), Decisions, Values, and Groups, 1960, 70-95. C. H. Coombs, On the use of in- 
consistency of preferences in psychological measurement, J. exp. Psychol., 55, 1958, 
1-7; Donald Davidson and J. Marschak, Experimental tests of a stochastic decision 
theory, in C. W .  Churchman and Philburn Ratoosh (eds.) Mearurement: Defini- 
tions and Theories, 1959, 233-269; Donald Davidson, Patrick Suppes, and Sidney 
Siegel, Decision Making, 1957; and Frederick Mosteller and Philip Nogee, An 
experimental measurement of utility, J. pol. Econ., 59, 1951, 371-404. Two general 
surveys of work in this area are contained in Ward Edwards, The theory of 
decision making, Psycho!. Bull., 51, 1954, 380-417, and R. D. Luce and Howard 
Raiffa, Games and Decisrons, 1957. 

3 5 



36 GRISWOLD AND LUCE 

the economic l i t e r a t ~ r e . ~  W e  will not attempt a detailed summary here, 
but several features must be mentioned. 

First. an explanation of the notation: Lower case Latin letters 'a,' 'b,' . . . . 
denote pure outcomes, such as receiving a book or losing a sum of money, and 
lower case Greek letters 'a, '  '6,' . . . denote events whose occurrences are uncertain, 
such as "a six coming up on a throw of a die" or "it will rain in Boston tomor- 
row." A symbol of the form 'aub' denotes the gamble in which 'a' is the outcome if 
the event a occurs and 'b,' if it does not. It is assumed that if two gambles, 'aab' 
dnd 'cpd,' are presented to S, then there is 3 probability P(aab,  cod) that S will 
choose 'aab' in preference to 'cbd.' Although it is not clear how to introduce ex- 
pected utility into a probabilistic framework, the intuition that choices between two 
gambles can be decomposed by considering their constituent parts-outcomes and 
events-can be retained in a much weakened form. 

Suppose that there is a probability Q(a ,B)  that S judges Event a more likely to 
occur than Event p. Moreover, suppose that S's preferences between pairs of out- 
comes are statistically independent of his judgments about the likelihood of events, 
then it is not difficult to see that 

P(aab,  a8b) = P b ,  b)Q(a, 8) + P(b,  a)Q(B, a ) .  . . . [1  1 
W e  take Equation [I], known as the decomposition-axiom, as a basic assumption to 
be tested. The easiest way to do so is to note that it is equivalent to 

P(aab ,  aBb)P(a b) - P(a@b, aab)P(b, a)  Q(a 8) = -----2 --. . . . 
P(a,  b)2 - P(b,  a)2 I2 I 

The right side of Equation [2) is expressed entirely in terms of preference-prob- 
abilities, and, although each of these probabilities depends upon the outcomes a 
and b, Equation [2] states that this particular function of the preference-probabili- 
ties is independent of a and b.' 

The original purpose of the present study was: (a )  to make this test 
in isolation; and (b)  to test the whole of the theoretical structure given 
in the paper cited above. One feature of that structure-as of so many 
probabilistic models in psychology-is that practically all of the probabil- 
ities of a choice must be different from 0 and 1. This leads to doubt about 
the model at the outset, and it certainly implies that it is wrong when the 
outcomes are money, because the larger of two sums is always preferred. 
Nonetheless, we had hoped that we could choose outcomes for which the 
preferences would not be completely consistent. W e  selected for  this pur- 
pose a set of four brands of cigarettes that lay between the fourth and the 
tenth rank on each S's ordering of 30 popular bands. In  addition, we 
studied gambles with money to see what difference might exist between 
the two classes of outcome. 

R. D. Luce, A probabilistic theory of utility, Econometuica, 26, 1938, 193-224. 
See also Appendix 1 of Luce and Raiffa, op. cit., 371-384. 

The statistical issue in estimating & ( a , @ )  and in testing whether the right side 
of Equation 2 is independent of a and b are discussed in Luce, op. cit., 217-219. 
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As will be seen, the choices of our Ss exhibit many proportions that are 
0 or 1, and so we were not successful in meeting the requirement of the 
over-all theory. Thus, the complete theory is an inadequate description of 
the results obtained from these Ss. A more detailed analysis of the data 
is needed, however, before we can draw conclusions about the adequacy 
of the decomposition-axiom. 

While the experiment was under way, another, more realistic, theory 
of choice was developed that rests primarily upon one fundamental axiom.4 
This axiom, when coupled with the decomposition-axiom, leads to certain 
predictions that can be used to test the theory.5 Although the present ex- 
periment was not designed with this theory in mind, and so we cannot 
make some of the more powerful tests, it is suitable to check two weaker 
consequences. 

The first is the well-known property of transitivity, namely: 

if P(x, y) = 1 and P(y, z) = 1, then P(x, z) = 1, . [3 1 
where x, y, and z are gambles. The second is strong stochastic transitivity: ie. 

if l /2  < P(x, y) < 1 and 1/2 < P(y,z) < 1, 
then P(x, z) > P(x, y) and P(x, z) > P(y, 2). . . . [41 

Strong stochastic transitivity is a generalization of the familiar idea that if x is one 
jnd larger than y and y one jnd larger than z, then x will be at least one jnd larger 
than 2.  In stating this requirement, we do not restrict ourselves to jnd-separations, 
but simply require that if there is a tendency to choose x over y and y over z, then 
the probability of choosing x over z shall not be less than either of the other two 
probabilities. 

Our primary aim, then, will be to determine for each S whether the 
requirements of the decomposition-axiom, of transitivity, and of strong 
stochastic transitivity are met. Prior to that, however, it will be necessary 
to determine whether our Ss exhibited any significant sequential effects, 
such as learning, because each choice was presented many times over a 
period of weeks. The choices of each S will, therefore, be analyzed sepa- 
rately. 

Method: Subjects. The Ss ( 5  in number-i woman and 4 men) were students 
of Columbia University; each smoked at least 20 cigarettes per day. They 
were paid $1.00 for each experimental session and, in addition, they won a package 
of some brand of cigarettes and a sum of money ranging from 1 cent to 50 cents 
averaging 24.9 cents per session. The Ss were nai've regarding the purpose of the 
experiment. 

' Luce, Indiuidud Choice Behavior, 1939, 6. 
"bid., 75-90. 
a lbid., 19. 
















