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1. Introduction 

In that part of mathematical psychology and economics concerned with 
choice behavior, far more attention has been given to the probability pat- 
terns exhibited by the responses than to the other equally obvious response 
measure, the response latency. From time to time papers have appeared in 
which a general form for the latency distribution has been derived (e.g., [3, 
Section 14.41, [61, I71, [81, and [16, Appendix 21); Audley [I] has attempted to 
deduce the two-alternative response probabilities from a latency model; and 
several experimentalists (e.g., [lo], [12], [13], and [14]) have pointed out that 
mean reaction times are roughly linear with Shannon's information measure 
of the probability distribution of the stimulus presentation. Undoubtedly, 
there are several other relevant papers in the literature, but nothing like 
the number one might, a priori, expect. 

Such limited and inconclusive theorizing hardly seems to do justice to a 
response variable that is, of necessity, omnipresent in our empirical studies 
and that most experimentalists are certain contains a good deal of informa- 
tion beyond that available from the response probabilities. For example, 
a part of the Skinnerian message is that time (in the form of response rates) 
is an important dependent variable that can be controlled to a marked de- 
gree by the schedule of reinforcement. So far, not one mathematical study 
has appeared that attempts to account for these data! One can hope that 
a better understanding of simple latency distributions may suggest both the 
latency parameters that are under control in the Skinnerian experiments and 
possible models for the nature of the control. 

Such, however, is for the future: the aims of this paper are much more 
modest. Only those simple choice situations are considered in which a sub- 
ject must select one of several responses. Distributions over the responses 
and latencies are assumed to exist, and a simple model is developed that 
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leads to constraints on them. The general philosophy is similar to that of 
[16], in that we will worry about the inter-relations among the distributions 
when different, but related, sets of responses are available. Indeed, this 
study began as an attempt to generalize the basic assumption in [16]. Al- 
though that aim has not been achieved, an interesting restriction is developed 
and its relation to the principal assumption in [16] is explored. Next, it is 
shown that if in addition to our restriction and the assumption of [16] it is 
assumed that the mean latency of a response is a continuous function of the 
response probability, with the response set a parameter of the function, then 
that function must be logarithmic. Finally, the family of gamma distributions 
with a fixed decay parameter are shown to satisfy the basic restriction, 
provided that the other two parameters of the distributions exhibit a 
certain additive property. It is not known what other distributions, if any, 
meet our bssic equation. 

2. The Basic Equations 

Let us consider a subject who, when a certain stimulus occurs, initiates 
a decision process that he ultimately terminates by choosing one response 
from a prescribed set of possible responses. We shall be concerned with 
both the response chosen and the elapsed time, or latency, of the response. 
Given that R is the set of available responses, let PR(x; t )  denote the joint 
response probability density that response x is made t time-units after the 
activating stimulus occurs. We shall assume that these response densities 
are sufficiently well-behaved mathematical functions so that certain Laplace 
transforms, certain limits, and 

exist. This quantity is simply interpreted as the probability that x is chosen 
when R is available; it will be referred to as a response probability. R'e require, 
of course, that 

It is far from clear how human subjects, or other organisms, decompose 
and resolve such decisions into simpler ones, but one possibility is this: The 
subject surveys (a portion of) the set R and isolates some response, say y ,  
as not worthy of further consideration, thereby reducing his choice problem 
to the set R - ( y ) .  He repeats this elimination process until a two-element 
set is reached, a t  which point he makes the final, and only reported, deci- 
sion by either rejecting the poorer or choosing the better response-it does not 
matter which, for they are equivalent. In this model we assume that the 
over-all decision latency is simply the algebraic sum of the several rejection 
latencies from the ever-decreasing sets of possible responses. 

It is important that one misinterpretation not be made. It is not implied 
either that the subject views y as the least desirable response when he dis- 
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cards it from R or that its latency is nearly as long as would be required 
to determine which response is the worst. It is sufficient for the subject 
to discover some other response in R that he deems better than y in order 
to discard y. Thus, one possible procedure is for him to select two re- 
sponses a t  random, compare them, and discard the poorer; but we shall not 
assume this mechanism. 

However the discarding is done, we may postulate a joint discard proba- 
bility density QR(y; r )  that the first response discarded from R is y and that 
this occurs r time-units after stimulation. Of course, in the usual experi- 
ments this discard density Q is not an observable in the same sense that 
the response density P is. Rather, it is a theoretical construct that can be 
given meaning and that can sometimes be calculated in terms of a particular 
theory.' As for P ,  we define 

and assume that 

QR(y) will be referred to as a discard probability. 
Now, if y is discarded from R at time r ,  then the decision process begins 

anew at time r with the reduced set R - { y ) .  If response x is chosen from 
R - { y )  in exactly t - r units of time, then the over-all process has been a 
choice of x from R in t units of time. Integrating over all physically pos- 
sible values of r and summing over all possible first discards from R yields 
the following set of convolution equations: 

These equations are basic to the rest of this paper. 
For p > 0, the Laplace transform2 of PR(x; t )  is defined as  

An analogous definition holds for Q,(y; r) .  By well-known properties of the 
transform, (5) can be converted into the algebraic equation 

An important relation arises when p + 0, provided that we assume the 
density functions are sufficiently well behaved so that the following limits 
exist: 

Possibly this statement is too strong for, a s  L. S. Shapley suggested to me in con- 
versation, one could present the subject with a written list of alternatives and require 
that he cross out all but his choice. T h e  order and times of crossing out the discarded 
alternatives could be observed and used to estimate Q .  

For an  elementary discussion of Laplace transforms, see [9] .  
























