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A PROBABILISTIC THEORY OF UTILITY?!
By R. DuncaN Luce

A model for choices among uncertain alternatives is developed in which
preference between pure alternatives and likelihood judgments between events
are assumed to be independent probabilistic processes. It is, in some respects,
a probabilistic version of utility models of the von Neumann-Morgenstern type.
Certain plausible notions about subjective probability are shown to imply a
very simple discrimination function between events in which the probability
of choice depends only upon differences of subjective probabilities. Similarly,
the expected utility hypothesis is shown to imply that preference discri-
mination depends upon utility differences, and the form of that discrimination
function is determined. Questions of empirical verification are discussed.

1. INTRODUCTION

MOST MATHEMATICAL FORMULATIONS of individual decision making - utility
theories —have been based upon non-probabilistic preference relations, usually
postulated to be weak orders. Few authors have been satisfied with the as-
sumption that preference is transitive, which is easily demonstrated to be
at variance with fact. Yet this assumption has been retained as an approxi-
mation to reality because of its attractive mathematical properties; for
example, only such preference relations can be completely represented by
order preserving numerical functions. Nonetheless, a number of people have
voiced a desire for a probabilistic theory, mainly, I would judge, so as to be
able better to handle empirical data; and several attempts to formulate such
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A draft of this paper was circulated under the same title as a technical report of the
Behavioral Models Project, and several of those who saw it have discussed it with me
atlength. In particular, I should like to thank Dr. Ward Edwards and Professors Eugene
Galanter, Paul Lazarsfeld, and Howard Raiffa for their comments and suggestions,
many of which are more or less explicitly incorporated into the revision. Also, I am
deeply indebted to the referees, especially Professor John S. Chipman, Associate Editor
of Econometrica, for reading the manuscript very carefully. Their detailed criticisms
uncovered certain implicit assumptions concerning subjective probability which are
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a theory can be found in the literature: Davidson and Marschak [3], Geor-
gescu-Roegen [5], Marschak [11], and Papandreou ef al. [13, 14]. Here is an-
other attempt. One pleasing aspect of this theory is that it seems to have
conceptual import as well as giving the empiricist a more manageable tool.

The intuitive idea behind the mathematical framework I shall present is
this: Pairs of elements (or alternatives or stimuli) are selected from a given
set S, and a person is required to choose from each pair the alternative which
he views as “‘superior’’ according to some given dimension of comparison — a
dimension whose choice depends upon the particular empirical context. It
may be preference, intensity, size, loudness, importance, etc. It will be con-
venient to think of the underlying comparative dimension as ‘‘strict prefer-
ence,” but it must be kept in mind that this is only one of the many possible
interpretations which can be given to the formalism.

If a and b are elements of S, it is postulated that there exists an objective
probability P(a,b) that a is judged as strictly preferred to 4. One problem
that must be faced is the axiomatic formulation of the fact that many dimen-
sions seem to impose something like a linear ordering upon the underlying
set S (Section 4). Once this is done, S is specialized to be a set of risky alter-
natives of the form aab, where this symbol is interpreted to mean that alter-
native a arises if event a occurs and alternative b if it does not. At this point,
my central assumption will be introduced (Section 5), namely, that the activ-
ity of deciding which of two pure alternatives is preferred is statistically in-
dependent of the activity of discriminating which of two events is the more
likely to occur. In the remainder of the paper I investigate some consequences
of this assumption when it is coupled with others of a type more or less
traditional in utility theory. It should be emphasized that no construction
of a utility function is given, as in von Neumann and Morgenstern [18] or
Savage [16], but rather we derive certain necessary consequences under the
assumption that one exists. I shall not attempt to outline the results here,
since a good deal of terminology is needed; the major theorems are 8, 9,
and 11.

General background references for this paper are Edwards [4] and von
Neumann and Morgenstern [18]; other more specific references will be in-
dicated as they are needed.

2. DISCRIMINATION STRUCTURES

DEFINITION 1: Let S be a set. A real-valued function P with domain S X S
is said to be a discrimination structure on S provided that:
(i) P(a,b) = O, for every a,b € S,
(ii) P(a,b) + P(b,a) < 1, for every a,b € S, and
(iii) there exist at least two elements a*,b* € S, a* #* b*,
such that P(a* b*) %= P(b*,a*).
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The interpretation intended is this: If a person is asked to select from a
pair (a,b) of stimuli the one he considers superior according to some specified
dimension common to the two stimuli, then P(a,b) is the (objective) proba-
bility that he will choose a over b. In psychophysics, such dimensions as
loudness and heaviness are employed. Here I shall be dealing with “‘prefer-
ence” when S is a set of alternatives and with “likelihood of occurrence’ when
S is a Boolean algebra of events. It is clear that if preferences are governed
by a discrimination structure, then a sample of reports will, in general,
exhibit intransitivities; e.g., if P(a,b) = 0.8, P(b,c) = 0.8 and P(c,a) =0.1,
and if selections are independent, then the probability of getting the report
that a is preferred to b, b to ¢, and ¢ to a is 0.064.

The purpose of conditions (i) and (ii) is clear. The conceptual role of (iii)
is to prevent the structure from being interpreted as the probability of in-
difference or any other symmetric relationship; mathematically, it insures
that certain pairs of homogeneous equations have only zero solutions.

DEFINITION 2: If P is a discrimination structure on S, then for 4,b, € S,
a = b is defined to hold if P(a,c) > P(b,c) and P(c,a) < P(c,b) for every
¢ € S. The relation = on S is called the trace of P. We write a ~. b if both
a >bandbd = a,anda > bifa = bandnotd ~a.

The trace of a discrimination structure can be viewed as a (very incomplete)
algebraic representation of the structure; in the case of preference discrimi-
nation, it is an inferred preference relation which, ultimately, I shall assume
is reflected by an order preserving numerical function - a utility function.

THEOREM 1: The trace of a discrimination structure 1s a quasi-order, i.e.,
is reflexive and transilive.

ProoF: Trivial.

Observe that we cannot prove that the trace is anti-symmetric, in which
case it would be a partial order, nor that it is connected, in which case it
would be a weak order. The principal results of the paper hold only if the
trace is assumed to be a weak order.

3. RISK SPACES

Much of modern utility theory treats an underlying space of risky alter-
natives aab, where this symbol (or something equivalent to it) is usually
interpreted to mean that one, but not both, of the alternatives a or b results,
the former with probability a and the latter with probability 1-a. Just what
interpretation should be given to the word “‘probability”” is a point of dispute,
but if one is attempting to describe choice behavior, it probably has to be
some sort of subjective concept. At present, however, the concept of prob-
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ability need not be introduced at all; instead a can be taken to denote the
occurrence of a well specified event, such as whether a given die thrown by a
particular mechanism at a specified time will come up six, or whether the word
“Britain”’ will be found in column 5, page 2 of tomorrow’s New York Times.
If a denotes the occurrence of a particular event, let a denote its non-occur-
rence. In these terms, aab will be interpreted to mean that a results if event
a occurs and b if it does not.

DEFINITION 3: Let 4 be a set (of pure alternatives) having at least two
elements and let E be a Boclean algebra (of events) with the null element o.
The risk space generated by 4 and E, denoted S(4,E), is defined to be the
set such that:

R1l.ifae 4,thenaeS(4,E)andifa,beS(4,E)and ae E, thenaabeS(4 E),
where for every a,b € 4 and a € E,

R2. aaa = a,
R3. aob =0,
R4. aob = baa.

If > is a quasi-ordering of a risk space, then two further properties are
distinguished: For every a,b,c, € 4 and a,f € E,

R5. ifa = b, thena = aad = b,
R6. (aab)fc ~ a(aNP) (bBc).

Observe that if we call 6 = e, then in a risk space aeb = a by R3 and R4.

These properties, except for R5, are the direct analogues of properties in
Hausner’s [7] concept of a mixture space, which in turn is very closely related
to Stone’s [17] earlier axiomatization of a barycentric calculus.

The several properties of a risk space seem to be necessitated by the inter-
pretation we have in mind. R2 states that the alternative a is not different
from the risky alternative in which a is the outcome whether or not a occurs.
R3 states that a risky alternative in which one alternative can never occur
is not different from the other alternative. R4 states that the order of writing
the components of a risky alternative is immaterial. These are among the
least controversial assumptions in utility theory.

The quasi-ordering mentioned in R5 and R6 will, of course, be taken to
be the trace of a discrimination structure, and if one thinks of it as “‘induced
preference or indifference,” then these two properties seem plausible. RS
says that a risky alternative is never more preferred (in the induced sense
of Definition 2) than the more preferred of its two components nor less pre-
ferred than the less preferred of its two components. R6 makes a good deal
of sense when one analyzes the conditions under which the three alternatives
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arise: on both sides, a is the outcome if aNB occurs, b if aNB occurs, and ¢
if B occurs. Observe that with R2, R6 implies (2ab)fb ~ a(aNp)b, which is
to say that certain two-stage gambles are equivalent to single-stage ones
in which the two alternatives come up under the same conditions. As Profes-
sor Marschak [10] has pointed out, this is tantamount to supposing that
there is “no love or hate” of gambling. From Theorem 6 on, our results
depend upon this consequence of R2 and R6.

It should be pointed out that the equality in R2-R4 could be replaced by
the indifference of the trace without affecting the conclusions provided the
following condition is added:

if @ ~u b, then aac ~ bac, for every « € E and ¢ € S(4,E).

4. LINEAR DISCRIMINATION STRUCTURES AND OTHER PRELIMINARY
DEFINITIONS

A variety of conditions that a discrimination structure may satisfy will
be needed; they are formulated as:

DEFINITION 4: A discrimination structure P on S with trace 3 issaid to be
(i) reflexive if P(a,a) =0 forallaes;

(i) additive if there is a constant K, 0 << K < 1, such that P(a,b) +
P(b,a) =K forall a,b, € S;

(1) limearif = is connected,i.e., if for every a,b € S eithera = bor b = a;

(iv) strictly stochastically transitive if P is additive and for every a,b,c € S,
P(a,b) > K/2 and P(b,c) > K/2 imply P(a,c) > Max [P(a,b),P(b,c)]; and
strongly stochastically transitive? if the same conclusion holds when one, but
not both, of the strict inequalities is weakened to an inequality.

(V) transitive if a > b implies P(b,a) = 0;

(vi) symmetric if either S is a Boolean algebra and P(a,f) = P(f,4) for
every a,f € S, or there is a Boolean algebra E and a set 4 such that S =
S(A,E) isarisk space and P(aab,apb) = P(afb,aab) for every a,b € A and acE.

LeMma 1: A reflexive discrimination structure is transttive.

Proor: Suppose that a > b. Since P is reflexive, P(a,a) =0; so, by Defini-
tion 2, 0 = P(a,a) > P(b,a). Thus, by Definition 1, P(b,a) = 0.

The concept of a linear (discrimination) structure is essential for the pri-
mary results of this paper, and so it deserves some comment. There is nothing
in the definition of a discrimination structure which attempts to capture,
even in probabilistic terms, the idea that preference reports tend to weakly
order the alternatives. Normatively, one feels that preferences should be
transitive, but data rarely live up to that norm. Indeed, the whole reason
for worrying at all about a probabilistic utility theory is that preference

2 Davidson and Marschak [3] attribute the term to S. A. Valavanis-Vail.























































































