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T H E  DETERMINATION OF SUBJECTIVE CHARACTERISTIC 
FUNCTIONS I N  GAMES WITH MISPERCEIVED 

PAYOFF FUNCTIONS1 

A basic assumption of the theory of games is that  each player correctly per- 
ceives the payoff functions of the other players. This assumption seems highly un- 
realistic, and i t  is dropped in this paper and replaced by the assumption that  each 
player has a perception of the payoff function of each of the other players; these 
perceptions may be incorrect. It is shown that  this leads to  an analogue of charac- 
teristic function theory in which each player has a subjective characteristic func- 
tion which he believes represents the strength of the several coalitions. It is pro- 
posed that  the coalitions be treated directly as outcomes and that  individual 
preferences among them be ascertained. If the von Neumann utility axioms plus 
one other are met, then i t  can be argued that  a simple transformation of the re- 
sulting utility function is a player's subjective characteristic function. The be- 
ginnings of an equilibrium theory are outlined for this more general model; this 
theory reduces to  a known one when there are no misperceptions. The value of 
this generalized equilibrium theory is severely limited by two strong assumptions 
which are made. 

1. INTRODUCTION 

IN THE THEORY of games as formulated by von Neumann and Morgenstern 
[13] an n-person game in normal form consists of: 

GI. a set I ,  of n elements, 
G2. n non-empty finite sets Xi, i E I,, and 
G3. n real-valued functions M i ,  i E I ,  , defined over the product space 

s1 X Sz X . . .  X 8,. 

The elements of I , ,  which are called the players of the game, may always be 
taken to be the first n integers. The sets Si are called the spaces of pure strategies 
and each element of X i  is called a pure strategy of player i; these sets are inter- 
preted to represent the domains of possible choice of action to each of the players. 
The number M,(a , s2 , . . . , s,), where si E Si , is interpreted to be the payoff 
to player i in his units of utility when the n players have chosen the strategies 
1181,  ~ 2 ,  . . .  , s, 11. Each player is to choose one element from his strategy 
space in the absence of knowledge of the choices of the other players, and pay- 
ments will be made to them according to the functions M i .  

The first three sections of this paper are a considerable revision of work carried out a t  
the Behavioral Models Project, Bureau of Applied Social Research, Columbia University, 
which is supported by funds extended by the Office of Naval Research. Reproduction of 
this article in whole or in part is permitted for any purpose of the U. S. Government. The 
paper may be identified as publication A189 of the Bureau of Applied Social Research. We 
are indebted to the referees for many valuable criticisms which resulted in a considerable 
reorganization of the material as well as the inclusion of the brief summary of n-person 
theory in Section 1. 
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On the basis of this structure and two principles which will be given below, 
one attempts to construct theories of behavior which characterize, in terms of 
payments to the players and their alliances with one another, the equilibrium 
states of the game. The two guiding principles which characterize individual 
behavior are, first, one of rational behavior: 

P I .  each player attempts to maximize his expected utility return in the sense 
that of two alternatives he will always choose the one with the larger 
expected utility; 

and, second, one of information: 

P2. each player is assumed to have full knowledge of the structure described 
by GI,  G2, and G3, but no knowledge of the strategy choices of the 
other players. 

For n >, 2 one important possibility in a game is the formation of coalitions, 
and von Neumann and Morgenstern centered their theory about this phenome- 
non. They observed that for any coalition S, i.e., subset of I,, the worst situa- 
tion i t  can face when both P I  and P2 are assumed operative is for - S (the com- 
plement of S with respect to I,) also to form a coalition and for the game to 
reduce to a two-person game between S and - S. Using the unique minimax 
value from 2-person zero-sum theory, which we shall assume is known to the 
reader, they associate to each S a value v(S). It can be shown that such a real- 
valued set function v, which is called the characteristic function of the game, 
satisfies two conditions: 

C1. v(4) = 0, where 4 denotes the empty set, and 
C2. if R and S are disjoint subsets of I, , 

Furthermore, i t  is impossible in general to deduce any other conditions a charac- 
teristic function must meet, for it can be shown that given any v satisfying C1 
and C2 there exists an n-person game in normal form which has v as its charac- 
teristic function. 

While a characteristic function can be derived from any n-person game, i t  is 
generally agreed that to interpret the theories constructed in terms of such 
functions an added stipulation must be made about the realization of the game. 
Von Neumann and Morgenstern [13, p. 6041 phrased it as follows: the utility 
in terms of which the players are paid must be "substitutable and unrestrictedly 
transferable.'' There has been a tendency to abbreviate this to "transferable," 
which unfortunately tends to be misleading. We may state this restriction as: 

R1. the utility in which a player is paid acts like money (even if i t  is not) 
in that it is infinitely divisible, freely transferable from one player to another 
with no restriction other than availability, and it is conserved in the sense that 
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when a side payment is effected the total utility gained by the recipients exactly 
equals the amount lost by the player making the side payment. 

In  later publications other authors have introduced still other restrictions 
which exist in some, but not all, realizations of games; these can be said to be 
sociological assumptions in the model, whereas G1-G3 are economic and P1 
and P2 psychological. We shall cite two, of which the first is: 

R2. the players are not allowed, or are unable, to make any side payments. 

The next restriction results from the following intuitive considerations: If we 
suppose the players are arranged into a system of coalitions given by some par- 
tition T, there sometimes appear to be restrictions, which may be due to com- 
munication difficulties, economic costs, laws, etc., as to what additions or 
expulsions of members each of the given coalitions of T may consider. These re- 
strictions will be supposed to exist independent of whether or not the changes 
are in some sense profitable. The class of restrictions so far considered in the 
literature fall into the following scheme: 

R3. For each possible partition T there is assumed given a list of admissible 
coalition changes, such a list being denoted by +(T)  It is assumed that every 
coalition in T is in +(T). I t  is clear that + is a function with domain the partitions 
of I ,  and range the sets of subsets of I, . The special symbol E will be used for 
the function which maps every T into the set of all subsets of I ,  , i.e., the func- 
tion which represents no restriction a t  all. 

If we assume that restriction R1 is met, then i t  is reasonable to add up all the 
payments received by player i, including all side payments he receives and sub- 
tracting all payments he makes, to yield a final summary payment xi. On the 
basis of principle P I ,  it is argued that any n-tuple of payments 11  xl , x2 , . - . , x, j j  
which arises in an equilibrium state should satisfy two conditions. First, a ra- 
tional player should never accept a final payment less than the amount he is 
certain he can obtain if all the other players form a coalition opposing him, i.e., 

11. xi  >, v(( i J ) ,  for all i E I, .  

Second, it is held that if the sum of all the payments is less than the total amount 
that the coalition of all players can assure themselves, then each of the players 
could make a profit a t  no cost to the others, and this, i t  is said, is a violation of 
P1. So i t  is demanded that 

Any n-tuple satisfying I1 and I2 is called an imputation of the game with charac- 
teristic function v. 

It is by no means clear that the second condition can be said to follow from 
principle P I ,  for the principle is one of individual behavior and i t  appears that 
the argument leading to I2 depends upon interpersonal agreement. Shapley 
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[12] has discussed the effect on the von Neumann-Morgenstern theory of solu- 
tions of weakening I2 to an inequality, and in that case the differences do not 
appear to be too serious. 

In terms of these notions we can tabulate the various equilibrium theories of 
n-person games. In the following table X will denote an imputation, T a partition 
of the players into non-overlapping coalitions, and / /  si / I  an n-tuple of strate- 
gies. In all cases principles P1 and P2 are assumed to hold: 

Name of Theory Assumed Conditions Objects in Equilibrium Refwences 

Solutions C1, C2, R1 Sets of X's [I3 1 
Reasonable outcomes Cl,  C2, R l  Sets of X's 19 1 
+-stability C1, C2, R1, R3 Pairs (X, 7) [4, 61 
Equilibrium points GI, G2, G3, 7 = [Ill, (21, 11 si 1 1  [lo1 

. . .  , Inll 

The only major theory omitted from this table is Shapley's notion of value [I l l  
for games in characteristic function form, which is not an equilibrium theory 
but rather an a priori evaluation of the worth of the game to each player. 

It should be noted that none of these theories assume the condition R2, i.e., 
in all of them i t  is assumed that the players may make side payments; however, 
in the theory of equilibrium points the assumption of non-cooperation, T = 

[ {  1}, (21, . . . , (n}], implies R2. We see, therefore, that a major omission in n- 
person theory to date is a discussion of cooperative games in which side payments 
are prohibited or impossible. Such a development seems to entail major concep- 
tual advances. 

In  the present paper we shall be concerned only with situations which can be 
represented by characteristic functions and with a generalization of such situa- 
tions. In these theories it is argued that a change of the scale of measurement of 
utility, such as a change from dollars to cents, should not alter the strategic 
considerations of rational players. Also, a fixed payment to or from a player 
which is quite independent of the outcome of the game or of the coalition ar- 
rangements of the players should not affect the strategies chosen in the game, 
for these payments could be effected before the play of the game is ever begun. 
These observations lead one to call two characteristic functions v and v' over 
I, S-equivalent if there exists a positive constant c and constants ai such that 

The three equilibrium theories cited above which are based on characteristic 
functions are all invariant under S-equivalence. 

Now if one supposes, as might be hoped, that the framework of n-person 
theory as given above is a suitable description of conflict-of-interest among n 
agents and if the argument that S-equivalent games are subject to the same 
strategic considerations is convincing, then, quite independently of any equi- 
librium theory we may champion, the observed behavior of the players in two 
S-equivalent games, with constants c and a, relating them, should correspond. 
By this we mean that if an imputation /I x, I/ arises in the one game, then I /  cx, 






















