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1. Introduction 

-In n-person game in characteristic functiorl form [2, 31 is a pair (I, , nz), where 
I, is a set of n 2 3 elements, called the players, and m is a real-valued set func- 
tion defined for all subsets of I, , called the characteristicfunctiorz, which satisfies 

i. m(0) = 0, 
and ii. if R and S are disjoint subsets of I, , 

We shall always take I, to be the first n integers, i.e., a labeling of the players. 
The terms S-equivalence, essential and inessential games, in~putations, and 

coalitions will have their usual meanings [2]; however, we shall let the word 
"game" mean "essential game" except when it is prefixed by "inessential". The 
notation used will be standard, except that we shall write z(T) for E l t T x z ,  
where X = 1 1  xi 1 1  is a real n-tuple and T is a coalition. 

Since all of our results are invariant under S-equivalence it will suffice to use 
one representative characteristic function from each of the equivalence classes; 
it seems most convenient to use the 0-1 normalization m({ i ) )  = 0, i E I, , and 
m(In) = 1. 

Any partition 7 = (TI , Tz , . . . T , )  of I, into proper subsets T, is called a 
coalition structure. The particular coalition structure where there are no non- 
trivial coalitions, i.e., [ {  1 ) , (21, . . . { n )  3,  will be denoted by A, . Let k be an 
integer with 0 $ Ic 5 n - 2 and let 7 be a coalition structure, then a subset 
S c In is called a k-critical coalition of T if there exists a coalition T E 7 such that 
1 (S - T) U (T - S) I $ k. I t  is clear that if T E T, T is a k-critical coalition of 
T for every k. 

In an earlier paper [ l ]  we introduced and attempted to justify intuitively the 
following class of equilibrium notions: A pair (X, T), where X is an imputatiorl 
and 7 a coalition structure, is said to be k-stable if (1) for every k-critical coalition 
S of 7, m(S) 5 x(S), and (2) x, = 0 implies { i ]  E 7 .  A game is called k-stable if 
there exists a t  least one k-stable pair; otherwise it is called k-unstable. 

In [l] we presented a few general properties of the notion and we exarnined the 
stability conditions for 3- and 4-person constant-sum games and for all simple 

This work was supported in part by the Behavioral Models Project, Bureau of Applied 
Social Research, Columbia University, through funds extended t o  i t  by the Office of Naval 
Research, contract no. Nonr 266(21). This paper may be identified as publication A-175 of 
the Bureau of ilpplied Social Research. The final preparation of the paper was executed 
while the author was a Fellow of the Center for Advanced Study in the Behavioral Sci- 
ences, Stanford, California. 



518 ~ t .  DUNCAN LUCE 

games. Here we propose to continue this program and to study the stability of 
symmetric games and of quota games (Sections 2 and 3). These results are em- 
ployed in Section 4 to study the stability of games which are both simple and 
quota. The final section is devoted to a sketchy discussion of 1-stable pairs of 
the form (X, A,). 

2. Symmetric games 

One quite general and important class of games which has been studied in the 
literature is that in which the characteristic function depends only on the size 
of a coalition, i.e., 

m(T) = m(Tf) if / T I = I T' 1. 

Such games are called symmetric, and we write m(T) = m(j T I). 
THEOREM 1. A symmetric game with characteristic function m(i) is k-stable if 

and only if m(i) 5 i/n for 0 5 i 5 k + 1. 
PROOF. It is clear that (1) l / n  11, A,) is k-stable if the co~ldition is met. 
Conversely, suppose (X, T) is k-stable and that m(k + 1) > (k + l)/n. Con- 

sider any positive integer a such that a(k + 1) 5 n. Since we may partition any 
coalition of a(k + 1) elements into a disjoint coalition of k + 1 elements, 

For any Ti E T it is clear that since 0 < I Ti 1 < n and 0 5 k 5 n - 2 we may 
write 

/ Ti 1 = ai (k + 1) + bi  , 
where ai and bi  are integers such that 

O < a i ( k + l )  < n  and -1c5 b i s k . '  

We consider three cases: 
1. bi  = 0. From the condition of k-stability we have $(Ti) 2 m(l Ti 1) = 

m[ai(k + I)] > ai(k + l ) /n  = I Ti I/n. 
2. bi < 0. We first show that it is always possible to find a set B; such that 

Bi c --Ti, I Bi I = ( bi ( , and z(Bi) 5 I1 - x(T3I 1 b i  I 
n - I T ; [  ' 

If this were not the case, then we would have to assume that for the (" yb\ Ti ') 
coalitions Bi meeting the first two conditions 

Observe that each j 6 - Ti appears in exactly of these sets, and 

It should be noted that  this is not the usual division algorithm for integers. There are, 
in some cases, two possible values for a;  and two corresponding values for b i  . 
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so if we sum over.all of them we obtain 

which contradiction establishes the existence of a Bi meeting the three conditions. 
Since / Bi ( = I bi 1 5 k, Ti U Bi is a k-critical coalition of T and so 

Thus, 

= I Ti  l/n. 

3. bi > 0. We first show that it is always possible to find a set Bi such that 

x(Ti)bi B i c T i ,  I B i I = b ; ,  and x ( B i ) Z P -  
ITiI 

If this were not the case, then we may sum over all (I !: I )  sets B; satisfying the 

first two conditions, and we obtain 

which is a contradiction. Observe that for any Bi satisfying the three conditions 
Ti - Bi is a k-critical coalition of T ,  hence 

= ( 1  Ti I - bi)/n. 
Thus, x(TJ > ( Ti ( /n .  
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We have therefore sho\\.n that for every I', E 7, z(?',) > / 1', j/n, and so 

1 = x(I,,) = ~ T , x ( 1 7 r )  > C T ,  I T, I/n = I ,  

which is impossible and so the pair is not k-stable, and the theorem is proved. 
In [l] me defined a game to be negative if m(T) 5 / I' j/n for all T c I, . 
COROLLARY. A symmetric game is (n - 2)-stable if and only <f i t  zs negatizlc. 
PROOF. The theorem and the definitioil of a negative game. 

3. Quota games 

Shapley [4] defines the follo~ving class of games: A game is called a quota game 
if there exists a real n-tuple Q = 1 q,ll, called the quota, such that 

i. q(1,) = 1, 
and ii. m((i ,  j } )  = qt + q j  , i, j E IrL , i + .j. 
-4 player i such that q, < 0 is called weak. Since m(( i ,  j ) )  2 0, there is a t  most 
one weak player, and when n is odd there is no weak player. For suppose, with- 
out loss of generality, n is a weak player and n is odd, then 

m!- ( n } )  = m ( ( l , 2 ,  . . . , n - 1 ) )  2 m({l ,  2 ) )  + . . . + m ( ( n  - 2 ,  n - 1 ) )  

- - Ci"2 q ,  = 1 - q, > 1, 

which is impossible. 
THEOREM 2. A quota game is  1-stable zj' and only <f' there is no weak player. 
PROOF. If there is no weak player, then clearly the pair (Q, A,) is 1-stable. 
Conversely, suppose there is a weak player, which by relabeling we may take 

to be n, and let (X, T) be a 1-stable pair. Label the coalitions TI , . . . , Tf  of 
T SO that n E Tt . For any T, E T, the 1-stability requirements implies m(T,) 5 
x(T,). Son,, if 1 T, 1 is even, then T ,  ran be partitioned into 1 T, 1/2 non-over- 
lapping t\vo element coalitions, each of whirh has the value m(( i ,  j } )  = q, + q ,  . 
Thus, .t(T,) 2 m(T,) & q(T,). If 1 T, I > 1 and odd, then for every k E T i ,  
1 T,  - ( l i )  1 is even, and so by the same argunlent x(T, - (k}  ) 2 q(T, - {k} ). 
Summing over all li E l', , 

hence x(T,) 2 q(T,). If I Ti 1 = 1, let Ti = ( i } ,  and then for any k E - ( i ) ,  
(i, k} is a I-critical coalition and so 

Summing over all Ic E - ( i } ,  

But z(I,,) = 1 = q(I,), so with n 2 3, xi 2 qi . Since these inequalities hold for 
all Ti E T and since $(I,) = q(I,), the equalities 

x(Ti) = q(Ti) = m(Ti), if 1 Ti 1 is even 

x(Ti) = q(Ti), if 1 Ti 1 isodd 
must hold. 



STABILITY OF SYMMETRIC GAMES 521 

Nest we show that if n is weak and n E T ,  , then I T ,  1 is even. Suppose, on the 
contrary, I T t  I is odd. If I T ,  I > 1 ,  then by the partitioning argument m ( T t )  2 
m(T ,  - { n } )  2 q(T,  - { n } ) .  But me know that x(T, )  = q(T,),  and since n is 
~veak, q, < 0, so m(T,)  2 q(T,)  - q, > x ( T t )  which violates the 1-stability 
assumption. If 1 Ttl = 1, then T t  = { n }  and we have shown above that x, = 

q, < 0, which is impossible. Thus I T ,  1 is even. 
It is clear that in - T t  there is a t  least one k such that q, 2 x, . Consider the 

1-critical coalition T t  U { k } .  Since 1 T t  1 is even, so is I ( T ,  U {lc})  - { n }  1, and 
so we may partition that coalition into non-overlapping two element coalitions: 

m(Tt U { k l )  2 m [ ( T ,  U { k } )  - { n } ]  2 q(T,) + qk - q,. 

Rut q, < 0 and q k  2 xk , SO 

m(Tt  U {k})  > x(Tt )  + xk + 0 = x(Tt U { k } ) ,  

which violates the assumption that ( X ,  T )  is 1-stable. Thus, we must conclude 
that there is no weak player. 

COROLLARY. All quota games with an odd number of players are 1-stable. 
PROOF. The theorem coupled with the observation that when n is odd there 

is no weak player. 
A game ( I , ,  m )  is called constant-sum [2 ,  31 if for every S c I , ,  m(S )  + 

m ( - S )  = 1. 
THEOREM 3. Let (I,, , m )  be a k-stable quota game and let ( X ,  T )  be a k-stable pair. 

If n is odd or i f  n is even and li 2 2, then X = Q. If n is even and k = 1, then 
either X = Q or 1 T I is even and m ( T )  = q(T)  = x ( T )  for every T e T .  There are 
quota games (both constant-sum and non-constant-sum) with n even and k = 1 
in which X # Q. 

PROOF. Suppose ( X I  T ) ,  where T = ( T I  , , T t ) ,  is 1-stable and that for some 
r, x, # q, . From the proof of Theorem 2 we know that for each T ,  E T ,  x(T,)  = 

q(T,). It follows, therefore, that in some T ,  , say T ,  , there exist r and s such 
that z, > q, and 2, < q, . Now suppose that for i Z t, I Ti 1 is odd, then T ,  U { s }  
has an even number of elements and is 1-critical, so 

which is impossible. Thus, 1 T ,  I is even. If n is even, then so is 1 T ,  1 .  Suppose 
n ,  and therefore I T t  1, is odd. Since we know that if T ,  = ( r } ,  q, = x, , it follows 
that I T ,  I > 1. Since 1 T t  - { r ]  1 is even, m ( T t  - { r } )  L q(Tt - ( r } )  > x (T t  - 
{ r } ) ,  which is impossible. Thus, if ( X I  T )  is 1-stable either X = Q or I T I is even 
for T e T .  Since any k-stable pair is also 1-stable, the conclusion holds for k-stable 
pairs. If 1 T I is even we know from the proof of Theorem 2 that m.(T) = q(T)  = 

x(T) .  
Next, let us assume that n is even and k 2 2, and suppose ( X I  T )  is k-stable 

and X # Q. Thus there exists r E T ,  , for some i, such that x, > q, , and for any 
.j # i, there exists s E T j  such that  x, 5 q, . Consider (T i  - { r } )  U { s ]  which 
















