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1. Introduction

An n-person game in characteristic function form [2, 3] is a pair (I, , m), where
I, is a set of n = 3 elements, called the players, and m is a real-valued set fune-
tion defined for all subsets of I, , called the characteristic function, which satisfies

i. m(0) = 0,
and ii. if R and S are disjoint subsets of I, ,

mR U 8S) = m(R) + m(S).

We shall always take I, to be the first n integers, i.e., a labeling of the players.

The terms S-equivalence, essential and inessential games, imputations, and
coalitions will have their usual meanings [2]; however, we shall let the word
“game” mean ‘“‘essential game” except when it is prefixed by ‘“inessential”’. The
notation used will be standard, except that we shail write 2(T) for D ra:,
where X = || 2, is a real n-tuple and T is a coalition.

Since all of our results are invariant under S-equivalence it will suffice to use
one representative characteristic function from each of the equivalence classes;
it seems most convenient to use the 0—1 normalization m({z}) = 0, 7¢I, , and
m(l,) = 1.

Any partition 7 = (Ty, Ts, --- T,) of I, into proper subsets 7'; is called a
coalition structure. The particular coalition structure where there are no non-
trivial coalitions, i.e., [{1}, {2}, --- {n}], will be denoted by A, . Let k£ be an
integer with 0 < k& < n — 2 and let  be a coalition structure, then a subset
S C I, is called a k-critical coalition of 7 if there exists a coalition T' ¢ 7 such that
| (S — TYU (T — 8)| < k. It is clear that if T ¢ 7, T is a k-critical coalition of
r for every k.

In an earlier paper [1] we introduced and attempted to justify intuitively the
following class of equilibrium notions: A pair (X, 7), where X is an imputation
and 7 a coalition structure, is said to be k-stable if (1) for every k-critical coalition
S of 7, m(8) = z(8), and (2) z; = 0 implies {7} ¢ 7. A gameis called k-stable if
there exists at least one k-stable pair; otherwise it is called k-unstable.

In [1] we presented a few general properties of the notion and we examined the
stability conditions for 3- and 4-person constant-sum games and for all simple

1 This work was supported in part by the Behavioral Models Project, Bureau of Applied
Social Research, Columbia University, through funds extended to it by the Office of Naval
Research, contract no. Nonr 266(21). This paper may be identified as publication A-175 of
the Bureau of Applied Social Research. The final preparation of the paper was executed
while the author was a Fellow of the Center for Advanced Study in the Behavioral Seci-
ences, Stanford, California.
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games. Here we propose to continue this program and to study the stability of
symmetric games and of quota games (Sections 2 and 3). These results are em-
ployed in Section 4 to study the stability of games which are both simple and
quota. The final section is devoted to a sketchy discussion of 1-stable pairs of
the form (X, A,).

2. Symmetric games
One quite general and important class of games which has been studied in the

literature is that in which the characteristic function depends only on the size
of a coalition, i.e.,

m(T) = m(T") if |T|=|T]|

Such games are called symmetric, and we write m(T) = m(| T |).

TuEOREM 1. A symmetric game with characteristic function m(z) is k-stable if
and only if m(@) < i/nfor0 =1 < k + 1.

Proor. It is clear that (|| 1/n ||, A,) is k-stable if the condition is met.

Conversely, suppose (X, 7) is k-stable and that m(k + 1) > (k + 1)/n. Con-
sider any positive integer a such that a(k 4+ 1) < n. Since we may partition any

coalition of a(k + 1) elements into a disjoint coalition of k¥ 4+ 1 elements,
mla(k + 1)] = am(k + 1) > a(k + 1)/n.

For any T e 7 it is clear that since 0 < |T;| < nand 0 £ k < n — 2 we may
write

|T:i| = a: (k + 1) + by,
where a; and b; are integers such that
0<ak+1) <n and —k <b; Sk’

We consider three cases:

1. b; = 0. From the condition of k-stability we have z(T:) = m(| T:|) =
mla;(k + 1)] > aitk + 1)/n = | T;|/n.

2. b; < 0. We first show that it is always possible to find a set B; such that
[1 —2(T)] | bs |

. _m. | = . ;) =
B;C TH lB'l Ib* |’ a‘nd Z(B,) - n — I T,I

If this were not the case, then we would have to assume that for the (n I—bl' ITi l>

coalitions B; meeting the first two conditions
1 — (T | b:|
n — I T,' l :

Observe that each j e — T'; appears in exactly(n I_bl~ [T’_I I 1> of these sets, and

t It should be noted that this is not the usual division algorithm for integers. There are,
in some cases, two possible values for a; and two corresponding values for b; .
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so if we sum over all of them we obtain
_(n—|T:| -1 (=Tl =1\ _ o
ZB;(E(BJ—( |bs|—‘1 )x(_Tc)—< lb1|—l )[1 x(Tl)]
n—|T:|\[l —2(T) |b;|] _(n—|T:| -1
>< | b: | >—_——< |b:| — 1 )Il_x(T")]"

which contradiction establishes the existence of a B; meeting the three conditions.
Since | B;| = | b;| S k, T: U B; is a k-critical coalition of r and so
o) + LI s o2y + 28
2m(|T:|+|b:))

= m[ai(k + 1)]
> a;(k + 1)/n.

Thus,
z(T)n — | Ti| — | b:]) 4+ | bi ] > ailk + 1)/n,
or
2(T) > (= |TiDastk + 1) —n|bi| _ (0 = [TiD( T + [8:]) — n | bs]
' nn — [ T:i| — [ b:]) nn — [ Ts| = [b:])
= lT‘ [/n.
3. b; > 0. We first show that it is always possible to find a set B; such that
x(Ti)bi

B;cCT,, | B;| = b, and z(B) = T,

If this were not the case, then we may sum over all ( I %1' l) sets B; satisfying the

first two conditions, and we obtain

which is a contradiction. Observe that for any B; satisfying the three conditions
T; — B;is a k-critical coalition of 7, hence
2(T)) — =(THbs/| Ti | = =(Ts) — z(By)
mla;(k + 1)]
a:(k + 1)/n
(I T:| — ba)/n.

v

\%

Thus, z(T:) > | T: |/n.
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We have therefore shown that for every T e v, (7)) > | T: |/n, and so
= x(ln) = an(Ti) > ZTiI T: [/n =1,

which is impossible and so the pair is not k-stable, and the theorem is proved.
In [1] we defined a game to be negative if m(T) < | T |/nforall T C I,.
CoroLLARY. A symmelric game is (n — 2)-stable if and only if it s negative.
Proor. The theorem and the definition of a negative game.

3. Quota games

Shapley [4] defines the following class of games: A game is called a quota game
if there exists a real n-tuple Q = || ¢,||, called the guota, such that
Lgl,) =1,
and it. m({2, 7)) = qi + q;,%, el , 1 #=].
A player 7 such that ¢; < 0 is called weak. Since m({7, j}) = 0, there is at most
one weak player, and when n is odd there is no weak player. For suppose, with-
out loss of generality, n is a weak player and » is odd, then

m(—{n}) = m({1,2, --- ,n—1}) 2 m({L,2}) + --- + m({n — 2,n — 1})

n—1

= i1 g =1—¢.>1,

which is impossible.

THEOREM 2. A quota game 1s 1-stable if and only if there is no weak player.

Proor. If there is no weak player, then clearly the pair (@, A,) is 1-stable.

Conversely, suppose there is a weak player, which by relabeling we may take
to be n, and let (X, 7) be a 1-stable pair. Label the coalitions 71, ---, T, of
7 50 that n e T, . For any T; e 7, the 1-stability requirements implies m(7T;) =
z(T;). Now, if | T;| is even, then T; can be partitioned into | T; |/2 non-over-
lapping two element coalitions, each of which has the value m({%,5}) = ¢. + ¢, .
Thus, 2(T;) = m(T:) = ¢(T:). If | T:| > 1 and odd, then for every k ¢ T,
| T: — {k}] is even, and so by the same argument z(T; — {k}) = ¢(T: — {k}).
Summing over all k ¢ T';

Doer t(Te = {k}) = (| Te| = Da(Ts) = Dersq(Ts = {k}) = (| Ts | — Dg(T)
hence x(T;) = ¢(T:). If | T:| = 1, let T; = {7}, and then for any k ¢ — {7},
{7, k} is a 1-critical coalition and so
i+ a2z m({i, k}) = ¢ + ¢
Summing over all k e — {7},
(n — 2)z; + 2(I.) 2 (n — 2)q. + q(In).
But z(I,) = 1 = q(I.), so withn = 3, 2; = ¢: . Since these inequalities hold for

all T; e 7 and since z(I,) = ¢q(I.), the equalities
z(T:) = ¢(T:) = m(Ts), if |T:| iseven
x(T:) = q(Ty), if |T:| isodd
must hold.
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Next we show that if n is weak and n € T, , then | T, | is even. Suppose, on the
contrary, | T, | is odd. If | T, | > 1, then by the partitioning argument m(T,) =
m(T; — {n}) = ¢(T;, — {n}). But we know that =(T,) = ¢(T;), and since = is
weak, ¢, < 0, so m(T,) = ¢(T:) — g. > x(T:) which violates the 1-stability
assumption. If | 7| = 1, then T, = {n} and we have shown above that z, =
¢» < 0, which is impossible. Thus | 7', | is even.

It is clear that in — 7', there is at least one k such that ¢; = x . Consider the
1-critical coalition 7', U {k}. Since | T, | is even, so is | (T, U {k}) — {n} |, and
S0 we may partition that coalition into non-overlapping two element coalitions:

m(T. U {k}) =2 m[(T U {k}) — {n}]] = ¢(T) + ¢ — ¢»-
But ¢, < 0and ¢ = xx, so
m(T, U {k}) > 2(T) + 2 + 0 = (T, U {k}),

which violates the assumption that (X, 7) is 1-stable. Thus, we must conclude
that there is no weak player.

CoroLLARY. All quota games with an odd number of players are 1-stable.

Proor. The theorem coupled with the observation that when » is odd there
is no weak player.

A game (I,, m) is called constant-sum [2, 3] if for every S C I.., m(S) +
m(—8) = 1.

TureoreMm 3. Let (I, , m) be a k-stable quota game and let (X, 1) be a k-stable pazr.
If n is odd or of n is even and k = 2, then X = Q. If n is even and k = 1, then
cither X = Q or | T'| is even and m(T) = ¢q(T) = x(T) for every T € 7. There are

quota games (both constant-sum and non-constant-sum) with n even and k = 1
in which X # Q.
Proor. Suppose (X, 7), where 7 = (T, ---, T4), is 1-stable and that for some

r, x» # gr. From the proof of Theorem 2 we know that for each T'; ¢ 7, (T;) =
q(T;). It follows, therefore, that in some T';, say T, there exist » and s such
that z, > ¢, and z, < ¢, . Now suppose that for ¢ 5 ¢, | T | is odd, then 7; U {s}
has an even number of elements and is 1-critical, so

2(T: U {s}) =2 m(T: U (s}) 2 ¢(T: U {s}) = ¢(T) + ¢. > 2(T: U {s})

which is impossible. Thus, | T; | is even. If n is even, then so is | T'; |. Suppose
n, and therefore | T, |, is odd. Since we know that if T, = {r}, ¢, = 2., it follows
that | T, ] > 1. Since | T, — {r} | iseven, m(T, — {r}) = ¢(T: — {r}) > (T, —
{r}), which is impossible. Thus, if (X, 7) is 1-stable either X = Q or | T' | is even_
for T e 7. Since any k-stable pair is also 1-stable, the conclusion holds for k-stable
pairs. If | T | is even we know from the proof of Theorem 2 that m(T) = ¢(T) =
z(T).

Next, let us assume that n is even and k = 2, and suppose (X, 7) is k-stable
and X # Q. Thus there exists r ¢ T;, for some %, such that . > ¢,, and for any
j # 1, there exists s e T, such that 2, < ¢, . Consider (T; — {r}) U {s} which























