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BACKGROUND 

Those aspects of game theory which are probably of most interest to the social 
scientist are the theories of coalition formation for games with a transferable 
utility which are based on the notion of a characteristic function of a game. Two 
major theories have been presented in this area: von Neumann and Morgenstern's 
solutions (8 )  and Shapley's value (7) .  Criticisms of the former concept have been 
based on the grounds that it gives only a normative theory and that, with respect 
to specific situations, it is not entirely clear what the theory asserts will or should 
happen. In addition, the definition of a solution has led to such serious mathe- 
matical difficulies that it has not yet proved possible to characterize all solutions 
of any broad classes of games. Shapley's value, on the other hand, was not put 
forward as either a descriptive or a normative theory, but as a means of estimating 
the a priori value of the game to each of the players. 

In this paper I shall describe a theory which attempts to be more descriptive 
than either of these two. In its present form it is not clearly an adequate descriptive 
theory, but it suggests a new approach which may ultimately be adapted to a 
suitable descriptive t h e ~ r y . ~  Before presenting it, however, it may be useful to 
summarize briefly the notions of a characteristic function, S-equivalence, imputa- 
tions, etc. 

Let a game have n players 1, 2, . . ., n and denote the set of them by I,. von 
Neumann and Morgenstern (8 )  observed that for n > 2 there is the distinct 
possibility that subsets of players, called coalitions, may agree on systems of 
related strategies in order to improve their joint outcome over that expected if 
they were to act individually. If the set of players S forms a coalition, then the 
worst thing that can happen to S is for the remaining set of players, -S, also to 
form a coalition, and for the game to be played between these two opposed 
coalitions. This results in the familiar 2-person situation, which under broad con- 
ditions has been solved by the minimax theorem. From this observation it is 
possible to derive a measure v of coalition strength in terms of the utility units 
of the underlying normalized game. von Neumann and Morgenstern showed that 
v is a real-valued set function defined over the subsets of I, which satisfies 

1) v (+)  =0, and 

2) if R and S are disjoint subsets of I,, 
v(R U S) 2 v(R)  + v(S). 

If, in addition, the game is constant-sum, 

3) v(S) + v(-S) = v(1,) for every S c I,. 
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The function v is called the characteristic function of the game. It can be 
shown that any real-valued set functioil satisfying conditions ( 1 )  and (2) is the 
characteristic function of some game, and so the study of all games with a trans- 
ferable utility becomes the study of all characteristic functions. 

In words, the first condition represents the strategic inconsequence of the null 
set, and the second simply states that a coalition composed of disjoint R and S 
can do everything R and S can do separately, and possibly more. It is certainly 
true that an a priori discussion of coalition strength, assuming that it can be repre- 
sented by real numbers, would not lead to less than conditions (1) and (2); indeed, 
there would be a temptation to try to require more. Thus, one might expect that 
the theory of games based on the characteristic function could be applied to many 
situations where the game substructure is either absent or obscure. This seems to 
be a very important point for social science, for it may be possible to determine 
empirically a characteristic function for a conflict-of-interest situation without ever 
knowing, say, the normal form of the underlying game (see section on Experi- 
mental Data). 

A game is called inessential if v(1,) = 2 v( {i) ); otherwise it is called essen- 
i r I, 

tial. It follows that if a game is inessential, v(S) = 2 v( {i) ) for every S c I,, so 
i e  S 

in an inessential game there is no gain in forming coalitions; hence, its coalition 
theory is trivial. 

Two games, v and v', over I, are called S-equivalent if there exist a positive 

constant c and constants a, such that v(S) = c d ( S )  + 2 ai, S c I,. In effect, 
i e  S 

two such games have the same strategic character, for the constant c represents 
a change in the "monetary" scale and the constants ai are payments determined 
independently of the outcome of the game, and may, if we choose, be paid to (or 
by) the players before the game begins. The relation of S-equivalence divides the 
set of games into equivalence classes, the members of each class involving the 
same strategic considerations. This being the case, it is adequate to develop any 
theory in terms of one representative from each class. von Neumann and Morgen- 
stem (8) showed that there is one and only one characteristic function in each 
class of essential games satisfying v({i))  = -1 and v(1,) = 0; this they called 
the reduced form, and we shall call it the -1,O reduced form. Equally, one can 
show that there is one and only one characteristic function in each class, which 
we shall denote by m, which satisfies m( {i)) = 0 and m(1,) = 1; this we shall 
call the 0,1 reduced form. If v' is a characteristic function of an essential game, 
the transformation 

d ( S )  - 2 v'({i)) 
i e S  m(S) = 

d ( I n )  - C v'( {i))  
i c I ,  

yields the 0,l reduced form of the same equivalence class, and 
v(S)  = nm(S) - ISI, 

where IS( = number of elements in S, yields the S-equivalent -1,O reduced form. 
























