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NETWORKS SATISFYING MINIMALITY CONDITIONS.* "2

By R. Du~canN Luce.

1. Introduction. A network N is a system of two finite sets M and
P C M X M, in which the elements a,b,- - - € M are called the nodes and
the elements (ab), (ca),- - - & P are called the links of N. The number of
nodes is denoted by m and the number of links by p(N). If (ab) is a link
of N, a is called the initial node and b the end node of the link (ab). Thus,
a network is a binary relation over a finite set and is also a finite oriented
graph in which there is at most one oriented arc from one node to another.
Our viewpoint is primarily that of graph theory rather than algebra.

Let I be the set of all links of the form (aa),aeM. If PNI=0,
N is called non-reflexive. We shall, without further mention, take the word
network to mean non-reflexive network.

A subnetwork N’ of a network N, denoted NV C N, is any network with
M CMand PP C P. It M= M, we say N’ is a complete subnetwork of N.
If NV C N, N— N’ is the network with nodes M and links P — P’ and it is
said to be formed from N by the removal of the links P’. If N’ has but
one link (ab) we write N — N’ = N —(ab). Similarly, the network with
nodes M — M’ and links PN [(M — M’) X (M — M")] is said to be formed
from N by the removal of the nodes M’ (and the incident links). N’ is a
supernetwork of N if N is a complete subnetwork of N’. We shall write in
this case N =N -+ (N’ — N) and say that N’ is formed from N by adding
the links P’— P to N. If N’— N contains but one link (ab), we write
N =N + (ad).

A pair of links (ab) and (ba) is called an arc ab, and any network
composed entirely of arcs is isomorphic to a graph and so is called a graph.

A g-chain from a to b, denoted (ab, q), is an ordered sequence of ¢ links
(ac1), (c162),* -+ +, (¢gb) in which no node is repeated, except possibly a = b.
In the latter case the chain is called an (oriented) circuit. A network is
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826 R. DUNCAN LUCE.

connected if there is a chain from every node to every other node; otherwise
it is disconmected. Maximal connected subnetworks are called components.

In a previous paper [4], which will be referred to as (A), the following
definitions were introduced:

A network has degree 0 if it is not connected; it has degree k, k¥ > 0,
if there exists N/ C N such that p(N’) =% and N — N’ is disconnected,
but N — N” is connected for all N C N such that p(N”) < k.

A network N is k-minimal if the degree of N — (ab) is k¥ —1 for every
(ab) e N. If N is 1-minimal and connected, it is called minimal.

In this paper we are concerned with three independent results which
are each related to k-minimality. The definition is extended in a natural
way to disconnected networks in Section 2 and these networks are completely
characterized by Theorem 1. It is worth mentioning that the characterization
problem for connected networks appears to be far more difficult. (The
principal result of (A) is the solution to that problem for k=1). In
Section 3, the principal result is Theorem 4 which states that in a network
of degree k, there is a set of at least k& chains from any node to any other
node, no two of which have a common link. This result is a generalization
of a close analogue to the well known theorem of Menger that between any
two nodes of a graph without a cut-node there are at least two chains that
have no intermediate nodes in common. In the final section we turn to a
generalization of transitivity. Connectedness and transitivity are each such
strong requirements that combined they single out but one network-——the
case P = M X M-—so, in the presence of connectedness, transitivity must be
weakened to be of interest. We require that every chain exceeding A links is
“ghort-circuited ” by a link, and that no chain of & or fewer links is short-
circuited. It is shown that these connected networks fall into three classes:
one having but one member which is of degree 2, the set of minimal networks,
and a set non-minimal networks of degree 1 whose connected subnetworks
also have degree 1.

2. (— Ek)-minimal networks.® To extend the above definitions of degree
and minimality to disconnected networks, we simply interchange the roles
of connected and disconnected as follows:

A network N has degree (— k), k = 0, if there exists a connected super-
network N” of N such that p(N — N) =k -+ 1, but every supernetwork N”
such that p(N” — N) < k + 1 is disconnected.

8 The author is indebted to Anatol Holt who suggested this problem to him.
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A network N is (—0)-minimal if N is disconnected and for every
(ab) #N,a,be N, N + (ab) is connected; it is (— k)-minimal, k¥ =1, if
for every (ab) # N,a,be N, N 4 (ab) has degree (— k& 4 1).

Following Dirac’s terminology ([1], p. 347), we shall call a network with
every possible link present a complete graph, and any component which is a
complete graph is simply called complete. A node which is neither an end
node nor an initial node of any link is called an isolated node.

Lemuma 1. If N is o (— k)-minimal network with m =3 and k = 2
and & is an isolated node of N, then N = N — a is either (— k - 1)-mintmal
or a complete graph.

Proof. If N’ is not a complete graph, then since m = 3, there exist
b, ¢ € N’ such that (bc) £ N’. For any such b and ¢, consider N* = N’ -+ (be).
Let — g be the degree of N*, then the lemma is proved if we show
g==k—2. Let U be any set of % links which connects N 4 (bc), and
observe, since ¢ is isolated, there exist e, fe N’ such that (ea), (af)eU.
Now, U + (ef) — (ea) — (af) connects N*,s0 ¢ =k —2. Suppose ¢ < &k —2
and let U’ be a set of ¢ 4 1 links which connects N*. U’ is non-empty, for
otherwise N* is connected, whence N + (ba) is connected by adding (ac), and
this implies N 4s (— 1)-minimal, which contradicts & = 2. Let (¢'f") e U,
then U’ — (¢’f") + (¢’a) + (af’) connects N +- (bc) using only (¢ 4+ 1) + 1<k
links, which is a contradiction.

TraroREM 1. A4 network N is (— k)-minimal if and only if either

‘ (i) N is a graph which consists of & - 1 complete components having
no link between any pair, or

(ii) N consists of a set X of nodes which form k -4 1 complete com-
ponents having no link between any pair and a complete component Y such
that either

1. (2y)eN and (yz) #¢N for all ze X and ye ¥,
or

2. (yz)eN and (zy) £N for all xe X and ye Y.
Proof. The sufficiency is obvious.

The condition is clearly necessary for k — 0, so we restrict the proof to
k=1. Let N” be any component of N. If N’ is an isolated node, it is
complete. If N’ has more than one node, we show it is complete: If there
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exist a, b e N’ such that (ab) #N’, and if U is any set of k links which
connects N - (ab), then for any (c¢d) e U, U— (cd) connects N 4 (cd),
since N’ is already connected. This contradicts the assumption that N is
(— k)-minimal.

If N’, N” are two components of N, we show that if a e N’, be N”, and
(ab) e N, then (a’d’) e N for any o’ € N’, b’ e N”: Suppose (a’b’) ¢ N, and
let U be any set of k links connecting N + (a’d’). U connects N since N’
and N” are complete and (ab) ¢ N, which contradicts the assumption that
N is (— k)-minimal.

. Since the components of N are complete and since if there is one link
from N’ to N there are all possible links, it is sufficient to prove the theorem
for networks having no components with more than one node.

First, m = k + 1, for if not N can be connected as a circuit on all nodes
with fewer than k 4 1 links. If m =k - 1, no links are present, for if there
were N could again be connected as a circuit using no more than m —1 =%k
links. In this case, N satisfies part (i) of the statement.

For networks with m = k 4 2, an induction on m will be used to show
part (ii) holds. For m = 3, it is clear this is the case. Suppose m > 3 and
part (ii) holds for m’=m —1. If N has an isolated node @, then by
Lemma 1, N —a is (— k - 1)-minimal, so by the induction hypothesis (ii)
holds for N — a, since (i) cannot. Thus, there exists a node d e N — a such
that for any other node ¢ ¢ N — a, exactly one of (¢d) and (dc) e N. Suppose,
without loss of generality, (¢d) e N. Then, N 4+ (ad) has degree (— k) and
N 4 (da) has degree (— k -+ 1), which is a contradiction, so N has no
isolated nodes.

Divide the nodes of N into three classes: X =set of initial nodes,
Y — set of end nodes, and Z = set of nodes which are both initial and end
nodes. Let these sets have ¢, p, and m — q-— p members respectively. It is
simple to see that if ¢ ==0 or p =0 there is a connected subnetwork of N,
which is impossible. Suppose ¢ = p.

Since the nodes of X terminate no links, at least ¢ links will have to be
added to IV to produce a connected supernetwork. We shall now show that ¢
links suffice. There are maximal subsets X; and Y; such that there is a 1:1
correspondence z; € Xy, ;€ ¥y, t=1,2,- - -, s, and (ww;) e N. This follows
from the fact that neither X nor Y are empty and from any z e X there is
either a link to a y €Y or a chain via Z to a y ¢ Y. But in the latter case,
(wy) e N for if not then NV can be connected by the same set of links which
connect N + (zy).

The addition of the s links (y.2:), (92%s)," * +, (@sy1) to N creates a

































