
TWO DECOMPOSITION THEOREMS FOR A CLASS OF FINITE 
ORIENTED GRAPHS." 

1. 1ntroduction.l The object of study in this paper is the class of finite 
oriented graphs which are subject to the conditions: 

i. at  most two branches exist between any pair of nodes (vertices), and 

ii. whenever two branches do exist between a pair of nodes they shall 
have the opposite orientation. 

Such a system will be called a network. The justification for introducing 
this word is its wide use in those applied sciences where oriented graphs of 
this type are playing an important role; for example: electrical networks, 
sociometric networks or diagrams, abstract programs for digital computers, 
and the neural networks of mathematical biology. 

It is convenient to give a self-contained definition: A network N of order 
m is a system composed of two sets M and P, M being a finite non-empty set 
of m elements called the nodes of N and P a prescribed subset of the set of 
all ordered pairs of nodes. The members of P (i. e. the oriented branches) are 
called the linlcs of N. The number of links of a network N will be denoted 
by p ( N ) ,  or simply by p when no ambiguity can arise. To indicate that N 
is of order m and has p links we shall write N = N(m, p ) .  Lower case Latin 
letters such as a, b, c, . . . will be used for nodes, and bracketed ordered pairs 
(ab), (ca), . . . to denote links. If (ab) is a link, the first node, a, will be 
called the initial node and the second, b, the end node of the link. 

"Received October 2, 1951. 
Several of the concepts defined in the introduction have been assigned terms by 

D. Kijnig, Theorie der Endlichen und  Unen,dlichen Graphen, New York, Chelsea Pub- 
lishing Co., 1950. A brief glossary with page references to Kiinig is presented: 

node = Knotenpunkt, p. 1 
link = Gerichtete Kante, p. 4 
disjoint = Fremd, p. 3 
arc of a network = Zweifache Kante, p. 93 
link of the form ( a a )  = Schlinge, p. 3 
non-reflexive graph = Graph im engeren Sinn, p. 4 
circuit = Zyklus, p. 29 
chain which is not a circuit = Bahn, p. 30. 
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A subnetwork N' of a network N is a subset M' of the nodes, 31, of N ,  
with P' taken to be some subset (not necessarily proper) of those links of N 
which are definable on Mr.  If M' = M, we shall say the subnetwork is complete. 
Two subnetworks of a given network are disjoint if they have no nodes, and 
therefore no links, in common. 

Each network is obviously a binary relation over a finite set, its nodes, 
and conversely every binary relation over a finite set can be interpreted as a 
network. This allows us to present all examples as relation matrices with 
entries 0 and 1 from the two element Boolean algebra. Furthermore, this 
suggests that if N and N' are two networks over the same (or isomorphic) 
set of nodes ill, then by N -  AT' we shall mean the complete subnetwork of N 
having those links of N which are not links of N'. If N' is a subnetwork 
of N, and if N' has the set of links P', then by the network formed from N 
by the removal of the links P', we mean N-N'. If N' has but one link, 
(ab), of N, then we shall write IY - N' = N - (ab).  

We shall call a network non-reflexive if there are no links of the form (aa) .  
I n  case both the links (ab) and (ba) are present in  a network, we shall 

say that an arc ab exists between a and b, the arc consisting of this pair of 
links, each of which will be said to be a member of the arc. This terminology 
is justified by the fact that when every link is a member of an arc the network 
is isomorphic (in the obvious sense of the word) to a graph without %circuits, 
to use a term of Whitney 2; this is what we shall mean by saying that a network 
is a graph. Observe that the arcs of a network N are not the same as the 
branches (or arcs) of the graph which is oriented to form N. A link of the 
form (aa) is always the arc an. 

B (connected and oriented) q-chain from a to b is a set of q links of the 
form (acl), (c1c2), . . . , ( c ~ - ~ c ~ - ~ ) ,  ( ~ ~ - ~ b ) ,  such that no node appears more 
than once, except in the case a = b where a appears twice. Any q-chain from 
a to b will be denoted by (ab, q ) .  Observe that (ab, 1) = (ah).  If c is a node 
included in a q-chain from n to b, then we may subdivide the chain into the 
"product" of two chains, one from a to c, and the other from c to b, i. e., 

(ab, q) = (ac, q') (cb, q-q'), q' < q. 
An (oriented) circuit is a chain of the form (aa, q) .  A circuit of two 

links is an arc and conversely. 

il network is connected if there exists a chain from each node to every 
other node. A network which is not connected is disconnected. When N is 

Whitney, H., "Non-separable and planar graphs," Transact ions of the American. 
Mathematical  soc ie ty ,  vol. 34 ( 1 9 3 2 ) ,  p. 339. 



A CLASS OF FINITE ORIENTED GRAPHS. 703 

treated as an oriented graph, connectedness is defined topologica'lly; our defi- 
nition implies topological connectedness but is not implied by it. However, 
as applied to networks which are graphs, the two definitions are equivalent. 

2. A decomposition theorem for arbitrary networks. I n  this section 
we shall give four related definitions for networks of order m which will 
depend on the integers Ic between 0 and m. These definitions will be used in  
their full generality in Theorem 2. 4, which shows that, in a certain sense, 
we need only consider the definitions in the case Ic = 1. Consequently the 
rest of the paper will be, for the most part, devoted to that special case. 

First we need a measure of how easily a connected network is disconnected 
by the removal of links. We shall say a network is of degree 0 if i t  is not 
connected. A network is of degree k, 1 i k i m, if there exists a set of k 
distinct links whose removal from the network will result in a complete sub- 
network of degree 0, while the removal of any set of q < k links results in a 
complete connected subnetm~ork.~ The degree of a network is unique. 

LEMMA 2.1.  I f  N(m, p )  is a network of degree k, then p 2 km. 

Proof. It will obviously suffice to show that each node is the initial node 
of a t  least k links. This is true, for if not, then the removal of the links for 
which such a node is the initial node will disconnect N .  This contradicts 
the assumption that the degree is k. 

I n  addition to the concept of degree, we need a condition implying that 
there is an even distribution of connectedness throughout the network ; roughly, 
that the degree of any connected subnetwork is not greater than that of the 
network itself. That this is not always the case is evidenced by any graph 
formed of an m - 2 simplex, m 2 4, and a single node joined by a single arc to 
one of the nodes of the simplex. The network is of degree 1, and the simplex, 
which is a connected subnetwork, is of degree m - 2 2 2. A definition which 
will suffice is the following. A network is said to be k-minimal, 1 I k 5 m, 
if the removal of any link results in a complete subnetwork of degree k - 1. 
The existence of such networks is proved in Lemma 2. 3. A network is 
k-uniform if every connected subnetwork is of degree 5 k. If a network is 
l-uniform and connected we say i t  is unif orm. 

LEMMA 2. 2. If N is a k-minimul network with k 2 2, then N is k- 
uniform and of degree k. 

This definition of degree has no relation to the Grad defined by KBnig, op. cit., p. 3. 
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Proof. Let S be any connected subnetwork of N, and suppose it has 
degree d. Let (ab)e 8. N - (ab) = N' is of degree k - 1, so in N' there 
exists a set U of k - 1 2 1 links, whose removal from N' results in a complete 
disconnected subnetwork, N". If in N" there is a chain from a to b, we may 
replace (ab) and still have a disconnected network N* which is formed from 
N by removing the links of U. I n  that case, the removal of any (cd) E 77 
from N results in a complete subnetwork of degree k - 2 2 0, since k .z 2. 
This is contrary to the assumption that N is k-minimal, so there is no chain 
from a to b. Thus, the removal of no more than k links, those of U which 
are in S and (ab), from 8, implies a is not connected to b by any chain. It 
follows that d 5 k. 

Specifically, N has degree d 5 k. If d I 7c - 1, then, since the removal 
of any link results in a complete subnetwork of degree k - 1, it follows that 
d = k - I. Let U be a set of k - 1 links whose removal from N results in a 
complete disconnected subnetwork. U is non-empty since k 2 2. Remove 
(ab) E U from N.  The resulting network is, by definition, of degree 7c - 1; 
however, the remaining k - 2 links of U disconnect N - (ab) . Hence d = k. 

We note that the above argument does not apply for k = 1; in fact, any 
disconnected network is 1-minimal, since the removal of any link results in a 
complete subnetwork of degree 0. But some networks are both connected and 
1-minimal; these we shall call minimal. A minimal network is clearly non- 
reflexive and uniform. 

LEMMA 2 . 3 .  I f  N is a network of degree k 2 1, then for every integer q, 
1 5  q I k, there exists a complete connected subnetwork of N which is 
q-minimal. 

Proof. Let C, be the set of all complete connected subnetworks of N 
having degree q. Since N is finite and q 5 k, i t  is obvious that C, is non- 
empty. Let 

p, = max p ( N  - AT') . 
Al' e Cg 

Since N is finite, there exists some N ,  E C, such that p ( N - 3 , )  = p,. 
N ,  is, by choice, connected. Hence it will suffice to show that N, is q-minimal. 
Suppose the removal of some link does not result in a complete subnetwork 
of degree q - 1. Then, since the removal of one link cannot lower the degree 
by more than 1, the resulting network N' has degree q. Thus N' E C, and 
p ( N  -N,) < p ( N  -N') I p,, which is contrary to choice. 

A complete connected subnetwork N' of N such that, in the terms of the 
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above proof, p ( N  - N') = p,, is called a q-descendant of N. If N, and N', 
are two q-descendants of a network N, then p(N,) = p(N',). It is clear that 
every connected network has a t  least one 1-descendant, but this is not generally 
true for q > 1. Because of their importance the 1-descendants will be called 
simply descendants. It is clear that a descendant is minimal. 

network N will be called the sum of complete subnetworks Ni, 
t 

i = 1, 2 , .  . . , t, and written N = x Ni, if each link of N is contained in 
4x1 

exactly one of the Ni. 

THEOREM 2 . 4  (first decompositiofi theorem). To every network N there 
exists a unique number k, its degree, and at  beast one set of k + 1 complete 
1-minimal subnetworks, Ni, such that 

ii. Nk+, is disconnected, 
... 
nl. if k 2 1, then N1 is minimal, 

i j+l 
iv. x Hi is a j-descendant of N,, 1 S j S k, 

i=l i=l 

and 

v. the connected subnetworks of the Ni, 1 5  i l k, are minimal, and 
so these networks Ni are 1-uniform. 

Proof. By definition there is a unique degree k assigned to every network. 
If k = 0, then N is not connected and we are done. If k > 0, select, according 
to Lemma 2. 3, a k-descendant N'I, of N, and define Nk+, = N -Nr,,. Nk+l 
is not connected; for if so, N is the sum of two complete subnetworks having, 
respectively, degree k (Lemma 2. 2 )  and degree P 1. This, we will show, 
implies that N has degree 2 le + 1, which is contrary to assumption. 

To show this we prove the slightly more general statement: If 
N = N1 + N2, and these networks have degrees k, kl, and k, respectively, 
then k 2 k1 + k,. For, by definition, there exists a set U having k links, 
such that their removal from N results in  a complete disconnected subnetwork 
N', and this is not true for any smaller set. Of these k links, let u1 be in N1, 
and up in N2. By the definition of a sum, k = u1 + u,. Furthermore, u1 2 kl, 
since we may remove from N first the links of U and then the remaining links 
of N,. This complete subnetwork, which obviously is N1 minus u1 links, 
is disconnected, so u1 2 k,. Similarly, u, 2 k,, whence the result. 

I n  the network Nrk select a (k - 1) -descendant, N'I,-~, and let NI, = N'I, 




































