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ABSTRACT. Functional equations are useful in the experimental sciences because they
offer a tool for narrowing the possible models for a phenomenon. A model can be formu-
lated by one or more not very restrictive equations, which when paired with an empirical
or logical constraint of a general character, lead—via functional equation techniques—to
precise quantitative relationships. The article reviews various applications of functional
equations in some areas of the behavioral sciences such as sensory psychology (psy-
chophysics), utility theory under uncertainty, and aggregation of inputs and outputs in
an economic or social context. We also provide enough basic material on functional
equations to make this review self contained.

1. INTRODUCTION

1.1 A Behavioral Example

Functional equations arise in the sciences because they allow researchers to formulate math-
ematical models in general terms, via some not very restrictive equations that only stipulate
basic properties of functions appearing in these equations, without postulating the exact
forms of such functions. However, the data or the experimental situation itself may exhibit
regularities or symmetries that can be captured by some other equation(s) involving the
same functions, thereby constraining their forms and specifying the model.

We begin with an example dating back to the 19th century. In a famous study, the
physicist Plateau? gave a pair of painted disks—one white, one black—to each of eight artists
and asked them to return to their studios and paint a grey disk appearing midway between
the two. According to Plateau, the eight resulting grey disks were virtually identical. A
possible formalization of such data is as follows (cf. Falmagne, 1985). Label each disk by its
luminance in conventional units (lux). Denote by M (z,y) the luminance of a disk appearing
midway between the disks z and gy, with M in the same units as z and by. Plateau’s data
can then be formalized by the homogeneity equation

(1.1) M2z, \y) = A\M (z,y) (A z,y > 0),

where the value of A reflects the differing conditions of illumination. (Realistically, the
domain of M should be restricted to a suitable positive region near the origin. Here and
also later in this paper, we sometimes simplify the presentation and assume that the relevant
functions are defined on idealized domains such as |0, co[. Usually, such idealizations have no
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substantial impact on the results.) A conceivable mechanism for the operation performed
by the artists in Plateau’s experiment is that the grey disk results from some kind of
mental averaging of the values of the two disks in the pair. This averaging, however, is not
necessarily carried out in the lux scale. We can suppose, for instance, that there is some
sensory scale u mapping the lux scale into the reals, such that

u(z) + u(y)
2

A function M satisfying this equation for some continuous strictly monotonic function u
is called a quasiarithmetic mean. As mentioned, we assume that the scale u is defined on
R :=]0,00[. Combining (1.1) and (1.2) leads to the functional equation

(1.3) ul [M] gl [u(z> +u(y>]

(1.2) u[M(z,y)| =

5 3 (A z,y > 0),
which has only two families of solutions for the function u. We will solve a more general
equation, (2.20), in Section 2.2.1. Here we sketch the solution process for (1.3) to illustrate,
by way of introduction, some functional equations methods in a simple case. We write

:= u(R, ), an open interval, and define the function j : I x Ry — I, with jy(s) = j(s, A),
by the equation

(L4) ials) = uPu(s)]

Note that j, is continuous and nonconstant in s. Applying v on both sides of (1.3) and
rewriting the result in terms of j,, with s = u(z) and t = u(y), we get

(1.5) a (“’;t) =j*(3);j*(t) (s,t € I,A > 0).

For any fixed A, (1.5) is a Jensen equation (the equality case of Jensen’s inequality). This
equation is a particular case of Pexider’s equation that will be solved in Section 2.1.4. The
property expressed by (1.5) is immediately clear, namely: the midpoint of the two points
(s,5x(8)) and (t,jx(t)) also lies on the graph of jy (cf. Fig. 1).

FIGURE 1. Jensen’s equation.
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Iterating this observation for s, %5, for i;'—’, t, etc. we understand that the graphs of

continuous functions satisfying (1.5) for some fixed A are straight lines segments. Thus, the
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general continuous solution of (1.5) is
ia(t) = m(A)t +n(A) (m(X) # 0).
With (1.4) we obtain
u(Az) = m(A)u(z) + n(X)
[cf. (2.23)]. Subtracting from this equation its particular case = 1 and defining

(1.6) i(z) = u(z) —u(1),
we get
(1.7) I(Az) = m(A)l(z) + (N (A, z > 0).

There are two cases. If m()A) = 1 then we have [cf. (2.5)] Cauchy’s logarithmic equation

(1.8) I(Az) = I(N) + () (\z > 0)

which has the general nonconstant continuous solution

(1.9) l(z) =vlnz (z > 0),

with v # 0, as we will see in Section 2.1.3. On the other hand, if there exists a A9 with
m(Ag) # 1, then, from

m(A)l(z) + (X)) = U(Az) = m(z)l(N) + I(z),
we get with A = g, a = [(XA)/[m(Ao) — 1]
(1.10) l(z) = a[m(z) — 1]

(¢ # 0 because ! is nonconstant). Putting this into (1.7) gives

(1.11) m(Az) = m(A)m(z) (A z > 0).

This is Cauchy’s power equation. As we will see, also in Section 2.1.3, its nonconstant
continuous solutions are of the form

(1.12) m(z) = z? (z>0)

(B # 0). In view of (1.6), (1.9), (1.10), (1.12), and (1.2), we have shown that: The general
strictly monotonic solutions of the pair of functional equations (1.1), (1.2) are given by

(1.13) u(z) = ylnz +4, M(z,y) = (ay)'/?,
and

B 8\ /8
(1.14) u(z) = az? + 4, M(z,y) = (”” ‘;y ) ,

with arbitrary constants a # 0, 8 # 0, v # 0, and 4. For strictly increasing solutions, we
havey > 0 and o3 > 0.

This example illustrates how a functional equation (or a system of such equations), de-
rived in a particular situation, can be solved by deducing from it some functional equation(s)






























































































































